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ABSTRACT 
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De~nition 1.1: & means that there is a sequence <A~: 5 limit < wl) such that  

(i) each A~ is an unbounded subset of 5, and 

(ii) for every A E [wl] al , there is 5 such that A~ C A. (Equivalently: there are 

stationarily many such 5.) | 

It is clear that  (~ ~ &, and it was already noted in lOst] that  & + CH 

implies (} (as explained in lOst], the argument is due to g .  Devlin (in [Sh 98] 

also Burgess is credited)). For a while, it was open if & and (} were actually 

equivalent, but this was settled by S. Shelah in [Sh 98], where a model of & is 

constructed in which CH does not hold. The proof starts with V = L (or just 

V ~ CH + (~(~2)), and R3 Cohen subsets of ~1 are added. Then R1 is collapsed, 

and it is shown that,  essentially, ~(w2) y can serve as a &-sequence in the final 

model. 

Subsequently J. Baumgartner in an unpublished note gave a different con- 

struction of a model of & + - , C H ,  in which R 1 is not collapsed. P. Komj£th [Ko], 

continuing the proof in [Sh 98], proved it consistent to have M A  for countable 

partial orderings +-,CH, and &. Then S. Fuchino, S. Shelah and L. Soukup 

[FShS 544] proved the same, without collapsing R1. 

Having concluded that  the principles, (} and &, are different we still may ask 

to which extent the consequences of ~ may be obtained from &. So, I. Juh£sz 

asks in [Mi]: "Does & imply the existence of a Suslin tree?" This question is very 

natural, as (~ was formulated by Jensen in [Je] in order to present his proof that  

there are Suslin trees in L. In addition, the existence of a Suslin tree is a long 

established test problem for various combinatorial principles to agree with. 

Here we answer Juh~sz's question negatively. 

The idea of the proof is to start with a model of (~ + 2 ~1 = R2, and iterate 

a forcing which specializes Suslin trees, in an iteration of length w2. Our plan 

is, similarly to [Sh 98], to witness & by using ~ from the ground model in an 

essential way. Note that  adding R1 Cohen reals destroys any club sequence from 

the ground model, which rules out finite support iterations. 
$ Let X be a large enough regular cardinal, and let <x be a fixed well order of 

H(X ). The formulation of (} that we use is that there is a sequence 

/~r* : <]~5 : <g/5 : i • (~> : (~ < Wl> 

where each /V~ is a continuously increasing sequence of countable elementary 

submodels of ~[ de J (H(x),  C, <~) with N~ AWl < 5 for i < 5, and N* is such 

that  for every continuously increasing sequence/V = (Ni: i < wl > of countable 
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e lementa ry  submodels  of 92, there is a s ta t ionary  set of 5 < w 1 such tha t  the 

i somorphism type  of 19~ is the same as tha t  of (N~: i < 5). 

Let P denote  our forcing order. To show tha t  & holds in V P, we show tha t  for 

every condit ion p E P ,  name  Z such tha t  p I~- "W C [Wl] a l ' ' ,  and a sequence 19 as 

above with p , ~  E No, there is a club of 5 < w~ for which there is an unbounded  

sequence /~Nr~ = (/3k: k < w} E V of ordinals below 5, and a condit ion r e > p 

such tha t  r e IF "{/3k: k < co} C ~ " .  Moreover, the choice of {Pk: k < co} and the 

fact t ha t  r e exists only depend on the i somorphism type  of (Ni: i < 5). Hence, 

if such a 5 also has the  p roper ty  tha t  the isomorphism type  of (Ni: i < 5) is the 

same as t ha t  of 19~, then  {/3k: k < co} are definable f r o m / ~ * .  So, the sequence 

{A~: 5 limit < col) given by 

A~ de: ~ R a n g ( ~ s , )  if ~S ,  is defined 
( 5 otherwise 

is a &-sequence in V P. A typical considerat ion to make is the following. Suppose 

t ha t  p and ~- are as above, while 19 = (Nn: n < w) is an increasing sequence of 

countable  -~ 92, wi th  Nn E Nn+l for n < w and P,p,~ E No, and we wish to 

cons t ruc t  ~ de_~ ~N and r e as above. Let N~ def Un<~ N~ and 5 de_f N~ M col. We 

can find r* _ p and/3* C T such tha t  r* It- "/3* E T ". Now, we can reflect r* 
r x ~  r - ~  

and/3* along 19, and  so obta in  sequences (rn: n < w) and (/3,~: n < w) such t ha t  

r ,  It- "/3,~ E ~- " while U,<o~/3, = d and each r ,  > p. If  we can then find r e as 
e . ~  ' 

a c o m m o n  upper  bound  to { r , :  n < w}, we are done. 

From wha t  we said so far, our concerns are twofold: to have a forcing in which 

a cer tain amoun t  of completeness  is present,  and, on the other  hand,  to have a 

control  of the  way the reals are added (of course, we need to add reals, as we 

need to violate  {)). In the direction of our second aim, we divide the i terat ion 

in E V E N  and ODD stages, and at  the E V E N  stages we add a real which 

domina tes  all the  reals in the  previous model.  In ODD stages we do a forcing 

N N R ( T )  which specializes an Aronszajn  tree T, doing so wi thout  adding reals. 

Our  forcing a t  ODD stages is from S. Shelah's  [Sh -f, V §6]. At E V E N  stages, 

we use the forcing UM for adding a universal meager  set in t roduced by J. Truss  

in [Tr] ( there it was called "amoeba  forcing for ca tegory") ,  and used in S. Shelah 's  

[Sh 176]. This  forcing adds a domina t ing  real. The  forcing is ccc in a s t rong way, 

and,  as shown by Shelah in [Sh 176], it has a s t rong "completeness" property ,  so- 

called sweetness,  which guarantees  tha t  many  w-sequences of condit ions have an 

uppe r  bound.  This  in par t icular  implies tha t  there  is a dense set :D of condit ions 
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in UM on which there are equivalence relations (En: n < w), such tha t  if a 

sequence/5 = (pn: n _ w) from 7:) has the property tha t  pn EnpO for all n, then 

there is an upper  bound to p. A forcing notion with this property, expanded by 

such ((/3, E~: n < w/), is called a sweetness model (see §2 for a bet ter  definition, 

and [Sh 176] for a real discussion). For a more recent application of these ideas, 

see [RoSh 672]. Our  problem with completeness is then addressed by the way 

the i teration is done: we iterate with countable supports,  but  allow a condit ion 

Pl to extend a condition P0 only if the set of EVEN coordinates in the Dom(p0) 

on which Pl differs from P0 is finite (see [Sh -f, XIV] for a general t rea tment  of 

such i terations and further references; an example of such an iteration used in 

connection with & is in [DjSh574]). Basically, because at our E V E N  stages we 

are doing a ccc forcing, and adding a dominat ing real, we can afford to do such 

an i teration and still end up with a proper forcing. 

Now consider again p and r* from our above-described scenario. Before choos- 

ing r*, we can construct  increasing sequences/3 = (p~: n < w) and (qn: n < w) 

which are sufficiently generic, in the following sense. We start  with P0 = P, and 

choose Pn and qn by induction on n. We shall have tha t  Pn+l and p~ agree on 

E V E N  coordinates (we say Pn ~_pr Pn+l),  while qn >_ Pn and they agree on 

the ODD coordinates,  and Dom(p~) = Dom(qn) (we say pn <apt q~). During 

the induction, we make sure tha t  for every formula ~ with parameters  in No,  

there are infinitely many  n such that ,  given pn, if we could have chosen Pn+I 
and q~+l so tha t  ~(Pn+l,  qn+l) holds and the above description is not  violated, 

then we have done so. We can also make sure tha t  p~'s don ' t  increase too much 

(for this we need to use dominat ing reals added by UM's along the way, and 

the way the iteration is defined), and thanks to a completeness-style proper ty  of 

NNR(T)-forcing this allows us, at the end of this induction, to define Po as the 

limit of all Pn. Now we can take r* > po. We can find a condition p* such tha t  

pw --~pr P* ~apr r*, and we can arrange that  the only odd coordinates on which 

p* and r* differ are those in Dom(po).  

The  set v0 of E V E N  coordinates in the domain of Po where r* and Po differ is 

finite, so is contained in Nno for some no < w. The idea now is tha t  (rk: k < w) 

will be a subsequence (q~k: k < w) of (q~: n < ca), constructed by induct ion 

on k. By exhibiting at every stage k a suitable formula ~ok with parameters  

in No,  such tha t  ~(x,y) densely holds for x _>pr P,~k and y >apr x, we shall 

be able to control various properties of rk's. For example, we'll be able to say 

tha t  q,~+l H- "flk+l E T "  for some /3k+1 >_ Nnk n Cal. Due to the nature  of the 

NNR(T) forcing and the preparat ions we made so far, we reduce the problem of 
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(rk: k < co) having an upper bound, basically to the problem of the projections of 

qk's onto v0 having an upper bound. However, this is not exactly what happens, 

because these projections are not necessarily conditions in P. 

Given any condition x in P, if we consider all the conditions y such that 

y ~apr X, we obtain a sweetness model, R~ (we really use a variation called R +). 

We shall aim at a condition r' E Rp~ such that qnk Ek r ' ,  where Ek stands for the 

k-th equivalence relation in the sweetness model Rp",. Then we can use sweetness 

to assure that there is an upper bound as desired. What  do we use as r'? 

The condition we would really like to use as r '  is r* [ Dom(p~). However, there 

are possibly coordinates of r* which are less than sup(N,, A co2) and not in N",, 

and names of r* (7) for 3' E Dom(p",) might depend on these "ghost" coordinates. 

So r* [ Dom(p",) might not be a condition after all. Hence we have a task of 

finding a r' E Rp~ which resembles r* sufficiently, and let rk's be more and more 

equivalent to this r'. However, we also have to be sure that our rk's will be able 

to say something about/3*, to deliver the goods we implored them for. 

We now place the entire situation in another countable elementary submodel 

of 9-1, called M. We construct an increasing sequence g - (sn: n < w) sufficiently 

generic for M, starting with so = p*, and requiring Sn to only differ from p* on 

the coordinates outside of N",. We let r '  be whatever .~ forces r* to be inside of 

the Dom(p",), i.e. r '  = r*/a (see §8 for a more precise definition). As sn's were 

chosen to be sufficiently generic, we'll have that the naturally defined join of sn 

and r '  will have the same n-th equivalence class in Rp- as r '  does in Rp~, for all 

large enough n. In §6 we develop a method of saying this through a first order 

formula. Note that this join still contains the relevant information about/3*. So, 

using again the genericity of (Pn: n < co) we are done. 

Swept under the rug in the above discussion is the fact that all the choices that 

we make have to be made depending only on the isomorphism type on N, but 

this is easily arranged thanks to the well ordering of H(X). 

Taken with a grain of salt, as no proofs were given of our claims so far, and as 

introductions are usually easier to understand once whatever they are supposed 

to introduce is already understood, the above explanation might have convinced 

the reader that what we do is sufficient to prove the desired theorem. But is 

all this machinery really necessary? We can only say that we tried several other 

approaches, and the difficulty that we would face in general is that some amount 

of completeness wa~ missing. Such completeness in the present proof is achieved 

through the use of sweetness. One could presumably obtain a simpler proof 

that some different version of & does not imply the existence of a Suslin tree. 
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Saharon Shelah has notes in which a version of the order from [BMR] is i terated 

with supports  similar to the ones we are using, and the iteration shows that  a 

weak version of & does not imply the existence of a Suslin tree. However, by the 

results in [DjSh574], this version of & is strictly weaker than &. 

The paper  is organized as follows. In §2 we give some background to NNR(T)  
and UM. In §3 we state the Theorem. In §4 we describe the iteration and 

prove various facts about  it. The proof of the properness of the forcing used 

is contained in §5. In §6 we give some definitions which are used to adapt  the 

notion of sweetness to our situation. However, the notions from [Sh 176] have to 

be reformulated to fit our needs, hence in particular our discussion is completely 

self-contained. In §7 we introduce some auxiliary partial orders, and set the 

ground for the proof in §8. The main point of the proof is to obtain & in V p. 
This argument  is presented in §8. 

2. Background 

The forcing needed in §3 will be an iteration of two kinds of individual forcings. 

The first is the forcing from [Sh -f, V§6], which specializes an Aronszajn tree 

T without adding reals. We shall refer to this forcing as NNR(T).  The other 

individual forcing is UM ("universal meager"), the forcing introduced in [Tr] and 

used in [Sh 176, §7]. In this section we review some properties of these forcings 

that  will be needed for the proof in §3-§8. 

Notation 2.1: (1) For two sequences ~ and t, we say that  ~ A { =  0 whenever the 

ranges of g and t are disjoint. 

(2) Q stands for the rational numbers with their usual ordering. 

(3) If T is a tree, then <T denotes the tree order o f T .  For x C T, we let 

htT(x) de~ otp({y: y <T X}). We may omit T in this notation, if the T we mean 

is clear from the context. 

If  T is an wl-tree and i < wl, then Ti denotes the /-level of T, i.e. 

{x e T: at(x)  = i}. 

If i and g are two sequences of elements of T, then i <T g means that  ~ and 

g have the same length and, for every I E Dom(x), we have xz <T Yl- 

If Rang( i )  A Rang(g) = 0, we say that  i and g are d is jo int .  

(4) If zj and p are sequences, then ~ <~ p means that  ~ is an initial segment of p. 

(5) Without  loss of generality, all Aronszajn trees T that  we mention will be 

assumed to have the property that  Ta C [wa, w(a + 1)), for all a < Wl. In 

addition, we'll assume [T~ I ~_ R0 for all a < wl. As we might want to consider 

subtrees of T,  we do not assume necessarily that  T~ -- [wa, w(a + 1)) for all a .  
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(6) If T is an Aronszajn tree and a < wl, then {xT~: l < l*(a) _< w} is the 

increasing enumeration of T~. 

(7) Suppose that T is an Aronszajn tree and m < w, while a < wl. We define 

dof {x[o: l < W m  z 

(8) We often identify a node x • T~ for limit 5 with the branch {y: y <T x}. 

Also, if a < /3 and x • T~, then x I (a + 1) denotes the unique y • T~ with 

y < T x .  

Definition 2.2: Given an Aronszajn tree T, we define 

(1) NNR1 (T) dej {(f,  C): C is a closed subset of some c~ + 1 < wl 

with the last element a d_~f lt(C), and 

f: Uiec  Ti ~ Q is monotonically increasing}. 

For ( f l ,C1)  and (f~.,C2) in NNRI(T), we say (f l ,C1) <--NNR~(T) (f2,C2) iff 

C1 = C2 r (lt(C1) + 1) and f l  C_ fu- 
(2) F is a T - p r o m i s e  iff there is a club C(F) of wl and n = n(F) < w such that: 

(a) All elements of F have form (x0 , . . . ,  X~-l) where (x0, . . .  ,xn-1} are such 

that  

(~a • C(P))[(Vi ~ j < n) (xz ~ xj) & (Vi < n) (xi • T~)]. 

(b) If a < fl E C(F) & 2 • F ~ nT~, then there are infinitely many pairwise 

disjoint 9 • '~T~ such that 2 <T Y" 

(c) P[~=(Tmi,(c(r))) # O. 
(3) (f, C) • NNRI(T) fulfills a p r o m i s e  F iff 

(a) lt(C) e C(F) and C(F) _D C \ min(C(F)). 

(/3) For all a </3  E C(F) ~ C ,  and for all ~ E r f~(r)(T.) the following holds: 

(@) For all e > 0, there are infinitely many pairwise disjoint ~ • ~(r)T~ with 

<T Y and such that  for all I < n(F) we have 

f(xl) < f(Yl) < f(xl) + e. 

The intention of fulfilling a promise is that f is guaranteed not to grow too much along the 

relevant branches. 

(4) NNR(T) ~f {(f, C, kO): (f, C) • NNRI(T) and ~P is a countable set 

of promises which (f,  C) fulfills}. 

We let (fl,Cl,k~l) _ (f2, C2,~2) iff (fl,C1) ~--NNt:Q(T) (f2,62) and e~l is a 

subset of k02, while C2 \ C1 C_ [~rcv~ C(F). 
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Notation 2.3: For p = (f, C, q~) E NNR(T),  we write fP de f f ,  Cp dezf C, k I/p ~- 

and lt(p) de__f lt(Cp). 

Definition 2.4 [Sh -f, VI I I  §2]: Given ~ an infinite cardinal,  a forcing notion P 

is said to satisfy ~;-pie* iff for all large enough X and well orders < ;  of H(X), we 

have: 

Suppose tha t  i < j < ~, and Ni,Nj -~ ~1 = (H(x ) ,  E, <x)  are countable  with 

t~,P E Ni n Nj, while Ni N rc C_ j and Ni A i = Nj A j ,  and Nt is the Skolem 

hull in 9.1 of (Ni N Nj) U {/} for l E {i,j}. Further  suppose tha t  p E P N Ni, 

while h: Ni --+ Nj is an isomorphism with h [ (N~ N Nj)  being the  identity, and 

h(i) = j. 
Then  there  is q E P such tha t  

(a) p, h(p) <_ q, and for every maximal  antichain I C_ P with I E Ni, we have 

t ha t  I f l  Ni is predense above q. 

(b) For every r E Ni N P and q' such tha t  q _< q' E P ,  there is q" E P such t ha t  

r < q '  i f f h ( r )  <q". 

FACT 2.5 [Sh -f, VII I ,  2.5* and 2.9"]: Suppose tha t  ~) = (P~,Q~: c~ < c~*} is 

a countable  suppor t  i terat ion and ~ is regular. Further  suppose tha t  for each 

c~ < c~* we have I~-p~ "Qa has ~-pic*." Then  : 
r , o  

(1) If  c~* < ~, then P~. satisfies ~-pic*. 

(2) If  c~* < ~ and (V# < ~) (#~o < ~), then P~ satisfies ~ - cc. 
(3) If ~* < ~ and (V# < ~) (#~0 < ~), then 

,~po. "(v~ < ~) (#~0 < ~),,. 

FACT 2.6 [Sh -f, V§6]: Suppose V ~ CH. Then  NNR(T)  is a p roper  1~2-cc, 
moreover  l~2-pic*, forcing which specializes T without  adding reals. 

Note tha t  INNR(T)I <_ 2 ~ .  

FACT 2.7 [Sh -f V, 6.7]: Suppose tha t  X is large enough and N -~ (H(x), E) is 

countable  such t ha t  T E N.  Let ~ de_f N M wl and e > 0. Further  suppose  tha t  

p E NNR(T)  M N and for some n < w we have b0 , . . . ,  b~- i  are dist inct  branches 

of T~, while I E N is an open dense subset  of P .  

Then  there  is q > p with q E I M N,  and such tha t  for all i < n we have 

fq(bi(lt(q))) < fP(bi(lt(p))) + e. 

The  following is well known and follows from the above Fact  2.7: 
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CLAIM 2.8: Suppose that X is large enough and N -< (H(x), E) is countable 

such that T E N, white p E NNR(T)  f~ N. Then there is q > p which is 

(N, NNR(T))-generic and lt(q) = N N 021. 

Proof of the Claim: Let {In: n < w} enumerate  all open dense subsets of 

N N R ( T )  which are elements of N. Using Fact 2.7, we can build an increasing 

sequence (p~: n < w} of conditions in NNR(T)  such that:  

(a )  p0  = p. 

(b) Pn E N.  
TIt (pn- t -  1 ) 

(c) For every n < w, for every x E Wn+ 1 we have 

fP~+'(x) < f f " (x  [ [lt(pn) + 1]) + 1/2 n. 

(d) Pn+l E In. 

Now we can define q by lett ing lt(q) ~ f  5, C q ~f Un<~ CP" u {5}, while 

fq clef U fP" U {(x, sup(fP"(x r [lt(pn) + 1])): 
n ~ w  

n<~o) 

x E T~&x I [lt(pn) + 1] E Dom(fP~)},  

and koq ~ f  U~<~ kop~. It is easily seen that  q is as required. I2.8 

Definition 2.9: (1) 7- C <~2 is a n o w h e r e  d e n s e  t r e e  iff ,  for all ~ E 7-, there  

is p E < ~ 2 \ 7 -  with ~ <1 p. 

(2) 7- C_ <~2 is p e r f e c t  iff, for all ~ E 7-, there are Pl ~ p2 both  in 7- and both  

extending ~. 

(3) UM d~_f {(t, 7-): 7- C_ <~2 is a perfect nowhere dense tree 

and for some n we have t = 7- VI n2 }. 

For (tl,~),(t2,7-2) E UM, we say (t l ,T1) _< (t2,T2) iff for some n we have 

tl  = t2 cln2, and T1 G T2. 

FACT 2.10 [Tr]: Suppose tha t  G is UM-generic.  

Then  S ~ f  U{7-: (3t) ((t, 7-) E G)} is a nowhere dense subtree of <~°2. 

The  following consequence of Fact 2.10 is also well known: 

CLMM 2.11: UM adds a real which dominates all the reals from the ground 

model 

Proof of the Claim: Let S be the nowhere dense tree added by UM. We define 

gs E ~'aJ by let t ing 

gs(n)  d__a rain{m: (Vr] E S M n2)(?p E m2 \ S) (r/<1 p)}. 
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Hence gs is well defined, and we shall now see tha t  it dominates  all f E ~w of 

the  ground model.  Fix  such an f ,  and note  tha t  the set of all condit ions (t, T )  

which satisfy 

(3no)(Vn _> no) [min{m:  (V~/E ~2)(3p E m2\T) (~?  <a p)} > f (n) ]  

is dense in UM. I2.11 

Notation 2.12: For p = (t, T )  E UM, we let t p de f t and T p ~ f  T.  

Definition 2.13 [Sh 176, §7]: (1) A forcing notion P is s w e e t  if there  is a subset  

of :D of P and equivalence relat ions E~ on :D for n < w, such that :  

(a) :D C_ P is dense, E~+I  refines E~ and E~ has countably  m a n y  equivalence 

classes. 

(b) For every n < w and p E :D, the equivalence class p/En is directed. 

(c) I f p  i E :D for i _< w, and p~Eip ~, then {pi: i _< w} has an upper  bound;  

moreover,  for each n < w the set {pi: n < i < w} has an uppe r  bound  in 

p°~/E n. 
(d) For every p, q in :D and n < w, there  is k < w such tha t  for every p '  E p/Ek,  

(3r E q/En) (r > p) ~ (3r E q/En) (r >_ p'). 

(2) If  (1) above holds, we say tha t  (P, :D, En)~<o~ is a s w e e t n e s s  m o d e l .  

Definition 2.14 [Sh 176, §7]: Suppose tha t  f8 : (P, :D °, E°)n<~ is a sweetness 

model  and .~ : (Ae: e < w) enumera tes  {p/E°: n < w ~ p E :D°}. 

(1) For q E :D o we define kin(q) as the minimal  k < w such tha t  for every 

q' E q / E  ° we have t ha t  

(2) We define 

( 3 r E A m ) ( r > q )  iff ( 3 r ' E A m ) ( r ' > q ' ) .  

:D dof {(p, ( t , ! ) ) :  p e :D ° ~ IFp "(t,Z)" ~ U M"}. 

For n < w and (Pl, ( t l ,T~))  E P * U M (l : 1, 2), we say t ha t  

(Pl,  ( t l , ! l ) )  En (P2, ( t 2 , T 2 ) )  

iff the  following conditions hold: 
0 (a) Pl EU~p2, 
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(~) tl = t2, 

(3') for every m < n, there is p C Am with p _> Pl iff there is p E Am with 

P _> P2,  

(5) suppose that  m < n and there is p C Am such that  p > Pl, and let r/E <n2; 

then there is p E Am such that  p I~- "7 ~ 7-1" iff there is p E Am such that  

p "7 ¢ 12'', 
(E) for all m < n we have kin(p1) = kin(p2) and for all m < n we have 

0 
Pl  Ek.~(pl  ) P2. 

Del~nition 2.15 [Sh 176, §7]: Sweetness models ~1 def (p1,791 1 --= E n ) n <  w and 
~ 2  def 2 2 2 = (P  , 79 , En)n<~ are said to satisfy ~1 < ~2  iff: 

(a) p1 is a complete suborder of p2, while 791 C_ 792 and for each n we have 

that  En 1 is E~ restricted to 791. 

(b) For all p C 791 and n < w we have p / E  2 C_ p1. 

(c) If p < q and q E 791, while p E 792, then p E 791. 

Notation 2.16: Suppose that  ~ ,  A and P are as in the assumptions of Definition 

2.14 and 79 and En (n < w) are as defined in Definition 2.14. We say that  

fB a • UM~ deU ( p  * UM, 79, E~)n<~ 

is t h e  c a n o n i c a l  s w e e t n e s s  m o d e l  on P • U M w i t h  r e s p e c t  t o  ~ a n d  A. 

FACT 2.17 [The Composition Claim, Sh 176, §7]: If ~ is a sweetness model 

and ft. is an enumeration of the equivalence classes of ~3, then ~A • U M is a 

sweetness model and ~ < f3 A * UM.  

FACT 2.18 [Sh 176, §7]: Suppose that  for k < n we have that  (pk,79k, k E n ) . < ~  

is a sweetness model and 

(pk, 79k, k (pk+a, 79k+1, ~,k+l~ 

pk  E k Then (Uk<~o , Uk<~ 79k Uk<~ n),~<~ is a sweetness model with the property 

that  for all k < w we have 

k k k (P ,79 < (U .k, U 79k, U k 
k<w k<w k<w 

NOTE 2.19: Any sweet forcing P is ccc, even is a-centered. 

[Why? Let {Am: m < w} enumerate a l l q / E n  for q E 79 and n < w. For 

m < w, let Bm d~U {q : (3p E Am)(p  >_ q)}, hence each Bm is directed and 

P = U,~<,~ Bm.] 
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3. & d o e s  n o t  i m p l y  t h e  e x i s t e n c e  o f  a Sus l in  t r e e  

THEOREM 3.1: Assume that V ~ "~(C01) -}- 2 ~' = R2". 

Then  there is a proper R2 - cc forcing notion P such that I~-p " ~ +  there are 

no Suslin trees". 

The  proof  of this Theorem is presented in §4-§8. 

4. F o r c i n g  a n d  i t e r a t i o n  

NOTATION 4.1: 

of <~2. 

"7- is N W D "  means  tha t  7" is a perfect  nowhere dense subtree  

Definition 4.2: 

and prove Cla im 4.3 below. 

(1) 

def / p ~ =  P :  

By s imultaneous induction on a _< w2, we define i tems (1)-(3) 

(I)  Dom(p) is a countable  C_ a ] 
( I I )  For all i E Dom(p) we have / " 

"p(i) e Q;' 

(2) If a = 2i for some i, then Ikp~ "Q~ = U M " .  r~J 
(3) If  a = 2i + 1 for some i, then ]kp~ "Q~ = N N R ( T ~ )  ", where T ~ is a P2i- 

name  of an Aronszajn  tree, handed to us by the bookkeeping (see Cla im 

4.3 below). (We e m p h a s i z e  tha t  T ~ is a P2~-name, not a P~-name.)  

(4) We say t ha t  p < q for p, q E P~ iff for all j C Dom(p)  we have: 

(a) j even ~ q [ j I~-pj "p(j)  < q(j)" and 

(b) {2i e Dom(p)  : ~(q [ (2i)IF "p(2i) = q(2i)")} is finite. 

(c) j odd ~ l ~ - p j  "p(j)  < q(j)". | 

(Note t ha t  (Pc,  <)  is a forcing notion.) 

CLAIM 4.3: H a  = 2i + 1 for some i, then 

I~-v~ "T ~ is an Aronszajn tree". 

Proof of the Claim: This easily follows from the fact tha t  U M  is (r-centered 

(Fact 2.17 and Note 2.19, and even the p roper ty  of Knas te r  suffices). Namely~ 

suppose  t ha t  a = 2i + 1. We know tha t  

IF-p2 ~ "T  a is an Aronszajn  tree",  
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as T ~ is a P2i-name of an Aronszajn tree. We only have to check tha t  Q2i does 
r x ~  

not  add any uncountable  branches to T% We work in V p~. Suppose p E UM 
r v  

and 

p Ik " ~ :  Wl --+ T ~ is increasing & (V7 < Wl)(T(3`) E T~)".  

For 3' < wl, le t /97 be the set of conditions of UM which are above p and decide 

the value of ~ (3')- Then  there is a directed subset A of UM and an uncountable  

B C_ wl such tha t  

3" E B ~ AND-y ~= 0. 

It  follows from the directedness of A that ,  for all 3' E B, there is a un ique /7  such 
T ~ 

tha t  for all q E ~.~ N A we have q Ik "~T (3') = xh  ~ " . Again by the directedness of 

T ~ T ~ 

A, if 3'1 ~ 3'2 E B we must  have x ' '  x ,2 G, <T~ l,~ , a contradiction. I4.a 

NOTATION 4.4: (1) For j < c~ and p, r E Pj we say p <~p~ r i f f  

(i) Dom(p) = Dom(r)  and 

(ii) p < r a n d  

(iii) (V2i + 1 E Dom(p))  (r [ (2i + 1)Ikp2~+~ "r(2i + 1) = p(2i + 1)"). 

(2) F o r j < c ~ a n d p ,  r E P j w e s a y p < p r r i f f  

(a) p < r and 

(b) (V2i E Dora(p)) (r [ (2i)IF-p2~ "r(2i) = p(2i)"). 

Observation 4.5: <pr and -<apr are partial orders. 

De~nition 4.6: By simultaneous induction on c~ _< w2, we define items (1) (4) 

below and prove Claim 4.7 below.* 

f 
(1) p ,  d e f  ~ p ,  

~ = p C  c~: [ 

(A) If  2i E Dora(p), then 
p(2i) is simple above p I 2i 

(B) There is 5*(p) limit < o21 such tha t  , 
2i + 1 E Dom(p) ==> 
Ikp2~+l "l t(p(2i  + 1)) = 5*(p)" 

with the order inherited from P~. 
T T 

(2) If  2i < a and T = ( t ~ , T  ~) is a P2/-name for a condition in U M,  while 

q E P2i, we say tha t  q d e t e r m i n e s  T t o  d e g r e e  n iff 

(i) q forces in P2~ a value to T £ N -<n2, 

* Later we shall prove that P~ is a dense subset of P~, for all c~ _< w2. 
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T 
(ii) q forces in P2i a value to t ~ , 

(iii) for all 7/E <n2, there is v E> 7/such that  

qll-p,, " u ~  ,].-Z,,, 

(iv) for all ~ E -<"2, there are 7/1 ~ 7]2 E> ~ such that  

q []'-P2i uT] E "T ~ :===~ '/~1,7/']2 E 7 "~ ' '  • e.o 

(3) For p E P~ we define 

np dee {q E P~:  q ~---apr P}, 

with the order inherited from P '  O~" 

(4) For 2i < a and p E P2i, we say that  p(2i) = ( t 2i, T2i) is s imple  above  

P F 2i iff there are In (n < co) such that 

P I 2i IFp2, "(Vn < w)[In C R(pr2i) countable predense in Rpr2i & 

(r E Is ===> r determines p(2i) to degree n)]". 

CLAIM 4.7: I f p  E P~ and/3 < a, then p r ~ E P~. 

Proof of the Claim: This is easily checked, noting that the definition of p(2i) 

being simple above p 1 2i only depends on p 1 2i, for 2i < a. m4.7 

NOTATION 4.8: (1) p ~---apr (>_w,>_)q iffq _<apt (-<pr,<-)P- 

(2) Let Q = (P~, Q~: a _< w2,/3 < w2) and Q' = (P ' :  a < w2}. 

(3)  P de_f p,  

(4) X is a fixed large enough regular cardinal, and <x is a fixed well-ordering of 

H(X). 

(5) E V E N  stands for the set of even ordinals, and ODD for the set of odd ones. 

(6) Quantifier V* means "for all but finitely many". 

(7) p < q E P~ means that  p, q E /~  and in P~ we have p < q. 

Definition 4.9: Suppose that  2i < w2 and p E P2i, and p(2i) is simple above 

P [ 2i, while f = (In: n < w) are as in Definition 4.6(4). We say that  i 

exempl i f ies  t h e  s impl ic i ty  of  p(2i) above p r2i. 
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NOTE 4.10: (1) Suppose tha t  a < w2 and (a,~: n < w) is an increasing sequence 

of ordinals with sup,~<~ an  = a.  Further  suppose tha t  (qn: n < w) is a sequence 

such tha t  

(i) qn E P~.  [ P ~ ]  for all n, 

(ii) qn+l [ c~ = q,~. 
def  

Then  q = U~<~ q~ is a condition in P~ [P'] .  

(2) For every a < co2 we have I}-p~ "Q~ is proper".  

(3) If a < w2 and p, p' are such that  p <~p~ p' E /:~, then 

Rp, = {q E Rv: q > p'}. 

(4) I f p  _<apr P' E P' ,  then 5*(p) = 5*(p'). 

NOTATION 4.11: (1) Given 3' < w2 even, we let g.~ be a PT-name for the 

dominat ing real added by Q~. 

(2) Suppose tha t  t3 < a < co2 and A C P~. We define 

A [ fide~f {S F~:sEA}. 

(3) For a < w2 and J C_ F~, we say tha t  J is _<p~-open iff 

(Vp E P~)(Vq E J)(p ~pr q ~ P E J) .  

We say tha t  J is _<pr-dense a b o v e  p E Pa' iff 

(Vq E P~)[q -->pr P ~ (3r e J )  (r ~pr q)]. 

Observation 4.12: Suppose tha t  fl < a < w2 and p E P~. Fur ther  suppose tha t  

J C_ P~ is <pr-open and <pr-dense above p. 

Then  J I 13 is <pr-open <pr-dense above p [ ft. 

Observation 4.13: Suppose tha t  a < w2 and p < q E P~, and let us define r as 
follows: 

r(fl) def{ p(~) if ~ E ( E V E N  M Dom(p)),  
-- q(fl) otherwise, 

let t ing Dom(r )  = Dom(q).  Then  r E P~ and r has the following properties:  

(i) p _<pr r _<ap~ q. 
(ii) -~(q I ¢/I~- " r (~)  = q(~)")  ==, ~ E Dom(p).  

(iii) If there  is 5" such tha t  for all odd ~ E Dom(q) we have Ikpa "l t(q) = (~*, 

then  for all such ¢/we have I~-p 0 "It(r(/3)) = 5*. 



178 M. DZAMONJA AND S. SHELAH Isr. J. Math. 

NOTATION 4.14: Suppose that a _< w2 and p < q C P~. Then r defined as in 

Observation 4.13 is denoted by intr(p, q). 

CLAIM: Given a <_ w2 and p E P~. Then 

p IFp~ "Rp is a ccc partial ordeF'. 

(More is true; see Lemma 6.6.) 

Proof of the Claim: By induction on a, for all p E F~ simultaneously. There 

are two eventful cases of the induction. 

"a = /3  + 1,/3 even." Note that Rp C Rp~Z * U M is a suborder which is dense 

above p. (Or see the proof of Claim 5.1 (1)~ case a =/3* + 1 and/3* even.) 

"cf(a) ---- R0." Given {ri: i < wl} C_ Rp, for i < wl let 

Fi def {/3 C Dom(p): ~(ri [/3 IF "ri(/3) = p(/3)")}. 

Without loss of generality, as Fi E [Dom(p) M EVEN] <~°, we have, for all i, 

Fi -- F*, and now the conclusion follows by the induction hypothesis. L.15 

CLAIM 4.16: Suppose that a < w2 and q,r E P~ are such that p ~apr r and 

P <_pr q. Let us d e f i n e r + q  b y l e t t i n g D o m ( r + q )  = Dom(q) and, for/3 E 
Dom(r + q), 

(r -4- q)(/3) de__f { r(/3)q(/3) if/3otherwise.C E V E N  C Dom(r), 

Then r + q C Rq and r + q ~pr r. 

Proof of the Claim: The proof is by induction on a, for all conditions in P~ 

simultaneously. The eventful case of the induction is 

"a =/3  -4- 1,/3 even." 

We need to prove that (r d- q)(/3) is simple above (r + q) [/3. 

CASE 1: /3  C Dom(r). Let (In: n < w) exemplify that r(/3) is simple above 

r F/3. For n < w let 

gn aoj {8 + + q) r /3]: 8 e 

By the induction hypothesis we have that J~ is a countable subset of R[(r+q)IN' 

We finish by noticing that J~ is predense in R[(r+q)iN- 
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CASE 2 : t 3  ~ Dom(r).  Let now (I,~: n < w} exemplify tha t  q(fl) is simple above 

q l /3 .  Let, for n < w, 

K n  de_f {Z e J~[(r+q) f~]: (~S e In)[Z ~_ S]}, 

and let Jn be countable predense C_ Kn (exists by 4.15). It is easily seen tha t  

(J~: n < w) exemplify tha t  (r + q)(fl) is simple above (r + q) I/3- L.16 

NOTATION 4.17: Suppose tha t  p and q are as in Claim 4.16, and R C_ Rp. Then 

R + q  d~f { r + q : r E R } .  

5. P r o p e r n e s s  

CLAIM 5.1: Given a <_ w2, the following holds. 

(1) ~ P~ is a ~pr-dense subset of P~. 

(2) ~ Suppose that N -< (H(x) ,  E) is countable, {p, a, Q, Q'} c_ N,  where p is 

some element of P~. Further assume that J E N is a (pr-open <_p~-dense above 

p subset o f {q  E P~: p ~pr q}, and u is finite C_ O D D  n Dom(p), while e > O. In 

addition, suppose that for 7 E u we have a P.r-name ~ "r (not necessarily in N )  

such that p [ 7 IF "~vz is finite C_ T "r ". Let ~'~ def= (T ~: ")' E lz), 
"~ N nwl 

Then there is q E P~ such that 

( )p,q,N,J,u,e,~ mean ing  

(i) q ->pr P, 
(ii) q is ( N, P~ )-generic, moreover, 
(ii)+ q is a limit of a _<pr -increasing ~pr -generic 
sequence (qn: n < w) such that for every I E N an 

open dense C P~ Un<~(I  N Rq~ M N) is predense 
above q, while qo >--pr P and each qn E N. 

(iii) For all 7 E u and x with q 1 3' I~- " x  E ~ ~", 

q I "7 IV "fq('~)(x) ~ fP('Y)(x [ (~*(p) + 1)) + e", r~ r~ 

(iv) 5* (q) = N N wl and 
(v) q E J. 

NOTATION 5.2: Suppose that (*)pq N Ju e ~" holds for some appropriate values 

of a , p , q , N ,  J , u , e , ~ ,  and tha t  (qn: n < w) is a sequence as in the definition of 

(*)p¢N Z=e T- We say tha t  (q~: n < w} exempl i f i e s  tha t  ( )p,q,N,J,=,~,~ holds. 

Proof of the Claim: The proof is by induction on a ,  (1) a and (2) a simultane- 

ously. However, we shall formulate four additional statements to help us carry 
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I Ot the induction. These statements are denoted by ( )~, (1) +'~, (1)~ and (2) +'~. 
1 a We shall prove by induction on a that ( )e, (1) +'~, (1)o ~, and (2) +'~ hold. As 

(2) +'~ is clearly a strengthening of (2) ~ and (1) +,~ of (1) ~, this suffices. 

Description of (1)~, (1) +'~, (1)o ~ and (2) +'~. 

(1)~ Assume that  a = f l+ 1 and fl is even, while p • P~ is such that  p [ 3 • P~, 

J c_ P~ is <pr-open and <pr-dense above p. Further assume that  N -~ (H(x), • )  

• ¢ for some is countable and {p, 3, Q,Q',J} c_ N. Suppose ( )pr~,r,N,gr~,u,e,~ 

appropriate u, ~ and e. 

Then q def r U {(/~,p(~))} • /~  and q >pr p. I fp  • P~, then ( )p,q,g,J,~,~,~" 

(1) +'~ Suppose that p • P~,/3 < c~ and r • P~ are such that  for some p' • P~ 

with p' >--pr P I ~ and some appropriate N, J, e, ~ we have ( )p,,r,N,J,~,~,£- Then 

there is q • P~ such that q [ ~ = r and q >p~ p. 

(1)~ Suppose that  c~ = p + 1 and ~ is odd. Given N -~ (H(x), • )  countable 

such that  a, Q, (~' • N we let J, u, c and ~ be as in the assumptions of (2) ~. Let 

d~ N M wl. Let { /n :  n < w} enumerate all Pz-names of open dense subsets 

of Q~ which are elements of N, each appearing infinitely often. Further assume 
e ~ J  

that  (r,~: n < w) exemplifies that (*)~r~,r,g,Jr~,~n~,~,~ r~ holds. 

Now assume that (p~: n < w) is a sequence of conditions in P~ with the 

following properties: 

(a) Pn I ~ = r n a n d p , ~ • N -  

(b) p ~pr  Pn ~pr  Pn+l. 

(c) There is a series En<~e,~ with E,~<~e,~ < e, such that for each n < w the 

following statement @ is forced by r: 

/ "fP~+~(~)(x) < fP~(Z)(x [ (5*(p~) + 1)) + e~", for all x with 

(]~ def T ~ 

r~+l I~- "x  • w 6.(,~+,) U {y I (5"(P~+1 + 1)): y • r Z}". 

(e) ,Fp, • 

Then the following defines a condition q in P~: 

We let Dom(q) = Dom(r) U {~} and q I ~ = r. Further let fq(~)(x) be 
r%s 

r~ 
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if, for some j with r~ 1~- "j E C p"(f~)'', we have 

T ~  
r~ Ik "x E w ~~ U {y I ((f*(p,) + 1): y E T ~}" 

and let it be 

181 

F + 1)) 

i f r l b " x  E T ~''. 
t-,a r , , a  

We let C q(z) dej (U,<~ c p~(z)) u {(f}. Let ~q(Z) def U~<~ ~P"(z). 
r~a ¢~F 

Moreover, 

( )p,q,N,uU{fl},J,E,~" 

(2) +'a For every /3 _< a and p, N, J, u, e, ~ as in the hypothesis of (2) a, and 

t , / 3  I , a  r E P~ such that  ( )pr~,~,g,jr~,~nZ,~,ZrZ, there is q E P~ such that ( )p,q,N,J,~,~,~ 

and q [ / 3 = r .  

r roo fo f (1 )~ ,  (1) +'~, (1)o ~, and (2)+'": 
"a = 0." Trivial. 

"a =/3* + 1 and ~* is even." 

(1)~ Hence/3 =/3*. It is easily seen that q E P~ and q >_p~ p. By the choice 

of r, in order to see that q E P~ we only need to check that p(f~) is simple above 

q [/3. Given n < w, let 

I d=cf {s E P~: s determines p(~) to degree n}. 

Hence I C_ Pf~ is open dense above p [/3, and certainly I E N. Let I' de~ I M P~. 
By the induction hypothesis (1) z, we have that I ~ is an open dense subset of P~. 

So, by the choice of r as a limit of a purely increasing sequence (rm : m < w) 
(see (ii) +) we have that 

I'~ae3 U ( I ' n (P~m + r ) n N )  
m(w 

predense above. Certainly Is is countable and consists of conditions which are 

in R(ar~ ) so In is as required. This shows that q E P~ 

Suppose that  p E P~. As we have Ikp B "Qz is ccc", it follows by the usual 
e~a 

arguments that  q is (N, P~)-generic. As we have just proved that  P~ is <_p~- 

dense C_ Pa, by the choice of (rn: n < w) we can find a subsequence ( r~ :  k < w) 
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def 
such tha t  choosing qk = r,~k U {(~ ,p(~) )}  we'll have shown tha t  (ii) + from the 

definition of (*)p,q,N,J,u,e,~ holds. If u C ODD n a ,  then in fact u C_ t3, so (iii) 

holds as well, by the choice of r. It  is also easily seen tha t  (iv) and (v) hold, 

noticing t ha t  J {/3 is _<p~-dense and _<p~-open above p I/3. 

(1) +'~ Given p E P~, wi thout  loss of general i ty, /3 = /3* .  Now apply  (1)~ to 
u {(9",p(9"))}. 

(1)o ~ Does not apply. 
def 

(2) +'~ Wi thou t  loss of generali ty,/3 =/3*.  We let q = r U {(fl, p(~))}.  By  (1)~ 

it follows tha t  ( )p,q,g,3,~,~,~ holds. 

" a  -- ~* + 1 and/3* is odd." 

(1)~ Does not apply. 

(1) +'~ Follows by the induction hypothesis  (1) +'z" . 

(1)o ~ Hence ~* = ft. This  is like the proof  of Claim 2.8, but  we also get to use 

Cla im 2.11. We first show tha t  Ikp~ "q(~) E QZ". It  is easily seen tha t  

H-p~ "£q(~) is a closed subset  of 5 + 1 with the last element ~". 

I t  is also easy to see, by the choice of (Pn: n < w}, tha t  P~ forces tha t  q2 q(z) 

is a countable  set of promises,  and tha t  F E ~q(~) ~ g ¢ C ( F )  (because the  

promises  are in N) ,  and C ( F )  _D Cq(Z) \ m in (C(F) ) .  We have to check tha t  PZ 

forces fq(Z) to be  a well defined function. 
r~J 

All informat ion  in the next  three paragraphs  is either t rue or forced by r to be 

true,  and which one is the case is clear from the context: 

For x ¢ D o m ( f  q(~)) for which fq(~)(x) is defined by the first clause of its 

definition, the fact tha t  fq(~)(x) is well defined follows from the fact tha t  pn 

are increasing. For those x E D o m ( f  q(z)) for which fq(Z)(x) is defined by the  

r p ~ , ,  second clause of the definition, we have r It- " x  E L~ " Hence x is a P ~ _ l - n a m e  

(this is where we use the fact tha t  T ~ is a P~_l -name) .  We define a P z _ l - n a m e  

h of a funct ion f rom w to w by h ( n )  = m iff x [ (5*(p~) + 1) is the m - t h  element 

of the  increasing enumera t ion  of T~.(p,) ,  as forced by r r (/3 - 1). 

By the definition of g ~ - I  we have tha t  for all but  finitely m a n y  n, it is forced 

by r t ha t  h ( n )  < g ~ - l ( n ) .  Hence for all but  finitely many  n we have tha t  ® 
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from (c) in (1)o ~ holds for x in question. Hence fq(/~)(x) is well defined. r',4 

Now it is also obvious tha t  fq(~) is forced to be a part ial  monotonica l ly  in- 
r'~ 

creasing funct ion into Q. We can also see tha t  the domain  of fq(~) is forced to 

be Uiccq(~)T~,  as this follows by the fact tha t  t~-pf~_~ " g ~ - i  diverges to oo." 
i 

The  rest is easy to check. 

(2) +'~ By the induct ion hypothesis,  wi thout  loss of generali ty we have/3* = / 3  
def ~/2n+2 and u = {/3*}. For n < w let ~n = 

Let (~ def N N w l .  By Fact 2.7, we can find a s e q u e n c e  (Pn : n < w} which 

satisfies (a)-(e)  in the s t a tement  of (1)o ~, where we have chosen (rn : n < w) to 

exempli fy  ( )p[/3,r,N,J[/3,un/3,e,~ [~3" 
"a  a limit ordinal." Both  (1)~ and (1)~ are vacuously true. The  following 

proof  proves bo th  (1) +'~ and (2)+'% Assume p -  E Pa and /3  < a .  

CASE 1: c f (a )  = N0. Let (an: n < w) be a sequence in N which is increasing 
de f  

and cofinal in a ,  with a0 = /3. L e t p  = P0 > p ~ p -  t /3 be such t h a t p 0  C P~. 

Wi thou t  loss of generality, P0 E N.  Let (u , :  n < w) be  an increasing sequence ot 

finite subsets  of  O D D N N N w 2 ,  with U~<~, u~ = N N O D D N w 2 .  Let ~ ~ f  N n w l .  

Let (3~: n < w) be an increasing sequence of ordinals, cofinal in 6, and such tha t  

5o = d*(p). We are assuming tha t  the assumpt ions  of (2) +'~ hold. 

By induct ion on n < w we shall construct  two sequences {q~: n < co) and 

(p,~: n < w} such that :  

(A) P 0 : p a n d q 0 = r -  

(B) p ,  EP~ '  n N a n d q n E P '  

(c)  ~*(p~) _> 5~. 
c~ n (D) (,)p.tq~q N,Jr~ . . . .  ~ , ~ , * t ~ -  

( E )  P n - k l  k p r  Pn. 

(F) q~+l [ ct, = q,  and P , + I  ->pr P -  I a , + l  and Pn+l [ a ,  = % .  

The  induct ion goes through wi thout  problems.  We now take q = Un<~, q,~. 

CASE 2: c f (a )  = R1. The  conclusion follows by the induction hypothesis.  |5.1 

R e m a r k  5.3: Claim 5.1 in par t icular  implies tha t  P is a proper  forcing notion. 

CLAIM 5.4: (1) For all a < w2 we have  

1C* (i) ¢)lkp~ "Q~ has P,~-p . 

(ii) 0 [I-p~ "2 ~0 = R 1 " .  
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(iii) P: '  ~ f  {p E P~: (Yi E Dom(p)) [p(i) is a n a m e  from H<~,(Ord)]}  is dense 

in P~. 

(2) P has R2 - cc. 

Proof of  the Claim: The  proof  uses Fact 2.6 and is like the corresponding proof 

for countable  suppor t  iterations, [Sh -f VIII,  §2], which we quoted as Fact  2.5. 

Of course, notice tha t  ccc trivially implies R2-pic*. I5.4 

LEMMA 5.5: It is possible to arrange the bookkeeping so that  

V P ~ "there are no Suslin trees (in fact, all Aronszajn trees are special)". 

Proof of the Lemma: This is s tandard,  by V ~ "2 ~1 -- R2" and Fact  2.6. 

15.5 

6. S w e e t n e s s  r e v i s i t e d  

Notation 6.1: Suppose tha t  a < fi < a;2 and p, q E P~. 

(0) Suppose p _< q. We write p(a) 7~ q(a) iff ~(q I a IF "q(a) = p(a)"). 

(1) p <_+ q iff p < q and, for all c~ even with p(a) # q(a), we have tha t  t q(~) 

is an object  t q(~), not just  a name. 

(2) p -<+pr q iff [p <-apt q and p <+  q]. 

(3) >_+ and ~---~pr are defined in the obvious manner.  

(4) Rp + de f {r E Rp: r ~_>aWpr p}. 

Each P~ will be a sweetness model. 

CLAIM 6.2: Suppose that a <_ w2 and p --<~pr q E P~. Then  for some q+ E P~ 

we have p, q <+pr q+' 

Proof of  the Claim: By induction on a .  The  only eventful case of the induct ion 

is the case when a -- fi + 1 for some/3  even. As p(fl) is simple above p t fl 

and q [ fl E RpIB, we can find z E Rpt ~ with z >_apt q and such tha t  z decides 

the value of t P(Z). By the induction hypothesis  we find z + E R + such tha t  
r , o  

z + >_apt P [ fl, q [ fl, z. We define t by lett ing 

t d j  {v: z + IF "v e t 

and let q+ def Z+ U {(/3, ( t ,TP(~)))} .  ~.2 
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Detinition 6.3: Suppose  t ha t  & _< w2 and p • P~. We define: 

(1) For r e Rp we let Domp(r )  def {fl • Dom(p)  : r(fl) ~ p(fl)}. 

Domp(r) is the domain of r in RB. Note that Dom* p(r) C EVEN.  

(2) A sequence ~ is called a n  a s s i g n m e n t  fo r  p if for some a > sup(Dom(p)) ,  

which we denote  by a (~) ,  we have 

= ( ( A ~ :  m < w) :  3' • Dom(p)  U {a})  

and  each A~m is a directed subset  of Rp+r~, while Um<~ A~m is dense in Rpt.r,+ " or if 

has an initial segment  with domain  (Dom(p)U {a '  }) which has the jus t  ment ioned 

propert ies .  

We use the  no ta t ion  e A ~  to denote  2(3', m) .  

The intended meaning of an assignment is an enumeration of equivalence classes of R + for 

3, in Dom(~). 

(3) For a • [w2] -<s°, we define 

FAa de f (((/~j,tj): j ( j * )  : j* < W & ~j • a M E V E N  & flj are 

increasing & tj is a finite subtree  of <~2}. 

The intended meaning of FAa is to be a formal E0-equivalence class. 

(4) For y • FADom(B), we let 

A~ dej {r C R+: Domp(r )  = {fl: (3t)((fl, t) e Rang(y))}  & 

(fl, t) • Rang(y)  ~ t r(~) = t}. 

(5) z) is a f o r m a l  0 - c a n o n i c a l  a s s i g n m e n t  for  p if, for some a > sup(Dom(p)) ,  

which we denote  by a(~) ,  we have 

9 = (~?7 = (Y~: m < w) :  7 • Dom(p)  U {a}) 

and {y~ : m < w} is a list, possibly with repeti t ions,  of FADom(pFy) , for 3' E 

Dora(p) U {a(~)};  or if ~ has an initial segment  of domain  (Dora(p) U {a '} )  which 

has the  jus t  ment ioned  propert ies .  

A formal 0-canonical assignment gives a list of formal E0-equivalence classes. The main 

definition of this section, Definition 6.5, will deal with formal En-equivalence classes. 

(6) An ass ignment  2 is a 0 - c a n o n i c a l  a s s i g n m e n t  fo r  p if for some formal  

0-canonical  ass ignment  ~ for p, we have ~A~ C_ Ap y~ , for all 3' C Dom(p)  U {a(~)}  

and  m < w. We let, wi thout  loss of generality, a (2 )  d__ef a(~) .  
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CLAIM 6.4: Suppose that p C P~ and /3 < &. Suppose that y is a formal  

O-canonical assignment (assignment, O-canonical assignment) for p. Then  9 [ 

[Dom(p I fi)U{c~(~)}] is a formal  O-canonical assignment (assignment, O-canonical 

assignment) for p I ~. 

Proof of the CIaim: Check, looking at (2), (5) and (6) of Definition 6.3. |6.4 

We abuse the notat ion,  and in the s i tuat ion like tha t  of Claim 6.4, we use 9 

for 9 r [Dom(p I fi) u {c~(9)}]. 

Definition 6.5: By simultaneous induction on & _< a~2 we define the following 

notions (a) (d) and prove L e m m a  6.6: 

(a) For a E [&]_<so, sets FEn(a)  for n < w. The  elements of FEn(a)  are called 

f o r m a l  e q u i v a l e n c e  c lasses .  

These are intended as formal En-equivalence classes. 

(b) For a C [&]_<So, we define 

(1) For b <3 a C [&]__s0 a function F<~: [_J=<,~ FEn(a)  --+ I.J=<~ FEn(b).  

F is intended as a restriction to a smaller domain. 

(2) Functions P r o j ~ ( a ) :  FEn2(a) -9 FEn~(a),  for nl  _< n2 < w. 

(c) For a C [d] <-s°, we define functions His~ and Bas% by defining 

(i) Hiss (T)  for T c [.J~<~ FEn(a) .  

His stands for history. 

(ii) B a s % ( T )  for T e U.,<~ F E , ( a ) .  

(d) For p E P"  and an assignment  2 for p we define when ~ is a c a n o n i c a l  

a s s i g n m e n t  fo r  p. 

(e) (I) F o r p  C Pa and n < w we define type  p'~ : R + --+ FE~(a) ,  for a • 

[&]_<a0. Here 2 is a canonical assignment  for p. 

(II) For p, 2 as in (I), we define an equivalence relation Ee p'~ on Rp +. 

LEMMA 6.6: Suppose that p E P'  and ~ is a canonical assignment  for p. Then 

= , Ee )n<~ 
m~a,,  

is a sweetness model. 

(2) a'~ Suppose that t3 < &. Then  ~pI~,~ < ~p,e" 

(3) a For b <3 a E [&]<-So, we have that Fb, a is a totally defined function. 

We proceed to give the inductive definition and proof. 

"& = 0." In this case p = 0 and a -- 0. We let 

(a) FEn(0) doj {(n, 0 ,0 ,0 ,0 ,0 ,~ ,0 ,0 / }  for n < ~ .  
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(b) (1) F0,0 is the identity. 
(2) Proj:~ (0) : FEn~(0) -* FEn, (0) is given by 

Proj~ (0) ((n2, O, O, 0, O, O, O, 0, ~}) dezf ( n l ,  O, O, 0, 0, O, O, 0, 0}, 

for n l  <_ n2 < w. 

(c) (i) His0((n, 0 ,0 ,0 ,0 ,0 ,  q},0,0}) d_ef {(nl,  0, 0, 0, O,0, O,0,0} : nl  

for n < co. 
(ii) Baseo((n, 0 ,0,0,0,  O,0,0,0}) ~ f  0. 

(d) Any 0-canonical assignment for 0 is a canonical assignment. 

(e) (I) For n < w we let type~'n(~) de=f (n, 0, 0, ~), ~}, 0, 0, ~, ¢}}. 
On (II) For n < co, we let 0E0' 0. 

Proof of the Lemma: [6.6, case & = 0]. Trivial. I6.6,&=0 

"& = ¢) + 1." We first consider (a), (b) and (c) above. Fix a E [&]_<~o 

CASE 1 : [ / 9  is odd] or [¢) is even & f) ¢ a]. 

(a) For n < co, let FE,~(a) da  FEn(a  VI ¢)). 

(b) (1) For b _~ a E [&]_<~o2 and n < co, we let Fb,~ de_f Fbn~,an~" 

(2) For nl <_ n2 < co, let P r o j ~ ( a )  de=f P r o j ~ ( a  Cl/3). 

(c) (i) His~ def Hisan¢?. 

(ii) Base~ ~ f  Baseanl). 

CASE 2 (main case): ¢) is even and ~ E a. 

(a) F o r n < w ,  

FEn(a)  dcj FEn(a  N/3) U {(n, 1,3, T , t ,w,u ,k ,g) :  (*) holds }, 

< n} 

where for (*) to hold it means that  the following six items are satisfied: 
1. T E FEk(aA¢)) for some k _> n (the equivalence class of the initial segment), 
2. (3rh) (t is a subtree of <~2 of height rh), 
3. W C { 0 , . . . ,  n - -  1} (the places where there is an extension in the corresponding 

equivalence class), 

4. u C {(rl, m) :  ?7 E <n2 and m E w} (for m e w, the witness that the 

m-th equivalence class in the enumeration produces to show that T ~(z/is nowhere 

dense), 

5. k = ((k,~,T,~): m E w) is such that  

(Vm E w) [ k m <  co & Tm E FEkm ( a n  ~)] 
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( the sequence of k's for the  equivalence classes of the  projections),  

6. E is an increasing finite sequence with Rang(g) C a M E V E N  

(the coordinates  where the equivalence class lives). 

We let, for T C [.J=<~ FE= (a), 

~. d j  (n[-i-], o[~1, fl[~l, T['?], till, w['i'] u[~), k[Y], g@] ). 

(b) (1) We define Fb,a by cases: 

SUBCASE 1: a = b. Fb,~ is the identity. 

SUBCASE 2: b # a and T E (_J~<~FEn(aM~). Fb,~(4~) = Fb,~..{3}(3r ). 

SUBCASE 3: None o f  the Subcases 1 and 2 hold. Fb,~(T) -- Fb, ~..{3} (Tit])" 
(2) For nt < n2 < w we let (Proj~(a))  (T2) = T1 iff 

SUBCAS~ 1:T2 ~ FE==(an3) and T~ = (Proj:~(a n 3)) (T2). 

SUBCASE 2: new T2 ~ [.J=< FE~(aM~)  but T2 C FEn2(a) and T1 satisfies 
(a)-(r/) below, if possible: 

(~) 
(Z) 
(~) 
(5) 
(~) 
(¢) 
(~) 

SUBCASE 3: If 
we leave it undefined. 

(c) (i) Hiss(T) is given by 

n [Tll = nl,  while o IT1] = 1 and 13[Td = ~, 
• n 2 T[T'] = (Proj,~l (a M ~))(Fn3,a(T2)) ,  

t[Td = tiT2], 

w [T~] = w [T2] A n l ,  

u [Td = u IT2] A {(r/,m) : 7/E <n~2 & m C w[T']}, 
k[  T1] = ~[  T2] [ W [TI ] ,  

E[T1] = E[T2]. 

Fb,~(T) has not been defined by any of the two subcases above, 

Hisa(~') = {T} U U HlSa"{3}(F~"{3}, ~(Pr°Jn~l(a))(~)) 
n l  <n[~i " ] 

t3 U Hiss\{3) ((Pr°j~Tl(a\{~}))(TI~l)"  
mew[ ~1 

(ii) Basea(~') = {(/3[T],nl) : T E Hisa(T) & nl <__ n[T]}. 

We go on to define (d), (e) for the case & = ~ + 1. 
(d) Let 2 be a 0-canonical assignment for p E P '  Or" 
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SUnCASE 1: /~ ~ Dom(p). 2 is a canonical assignment for p iff 2 is a canonical 

assignment for p [ ~. 

SUBCASE 2: ~ 6 Dora(p). 2 is a canonical assignment for p if 2 is a canonical 

assignment for p r ~ and (~A~ : m < w) is an enumeration of all Ex~I~ - 
equivalence classes for n < w. 

(e) For n < w and 5: a canonical assignment for p, we define the function 

type~'~ : R + --+ FE~(a) by describing type~'~(r) for r 6 R +. 

SUBCASE 1: ]~ ¢ Domp(r) orf~ ~ Dom(p). We let type~'n(r) d_ef typePrf),,,(r r ~). 

SUBCASE 2: /~ E Domp(r). We shall have typ~ ' " ( r )  = T for some T E FE,~(a). 

We define ~" by defining its nine coordinates 

(n[?], o[Yl, fl[?l, TIll ,  t[Tl, wiYl, u[$1, ~[T], E[ ~1 ). 

We'll have n [~] def O[~" }def ---- n, ---- 1, and f~[T] de__f f~. ~r thermore ,  t[ ~] = t ~(~}). 

Arriving at the heart of the matter, 

w[~] def {m < n :  r rE has an extension in ~A~}, 

while u [Y] def {(~,m): ~ E <n2 & m E w[T]& for some q E ~A~ we have q IF 
"77 ~ T~(f))"}, kiT] ---- <<km(r r/~),type~rZ'm( r r~)): m 6 w[%]>, where 

km(r r,6) defmin(k: (VqE (r I ~)/E~ ~'k) (3q' C~A~)(q' >_ q)}. 

The fact that such numbers km(r r ~) are well defined is a part of the induction 
hypothesis (see Definition 2.13). Let 

k[y] de_j Max({km(r r ~): m < n} U (n}). 

We'll have 
T [Y] = t y p ~  rfi'kI~l (r I ~)- 

Finally, g[T] is the increasing list of Dom;(r).  

To see that  the definition is well posed, notice that r r f} E R + - 
ptP" 

(II) For r ' ,  r" E R +, we let 

,- ,-  i f r  t y p e ' " ( , - ' )  = 

Proof of the Lemma: [6.6, case & = ~ + 1]. Without loss of generality, f~ --- l~. 

We prove (2) ~,p, and (1) ~ follows. By comparing with Definition 2.14 (which 
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is [Sh 176, 7.6]), we can see that ~Bp,~ is isomorphic to the canonical sweetness 

model on Rp+rZ • U M with respect to ~pt/~,~. Notice that UM is a homogeneous 

forcing notion. The conclusion follows from the Composition Lemma 2.17 (which 

is [Sh 176, 7.6-7.9]). 

(3) 5 Follows from (2) ~'z. I6.6,&=~+ 1 

"d is a limit ordinal." 

(a) For a E [&]_<eo we consider two cases: 

CASE 1: sup(a) = a < &. FEn(a) is already defined by the induction 

hypothesis. 

CASE 2: sup(a) = &. We let FE~(a) d~ U~e~ FE~(a M a). 

(b) We again consider two cases. 

CASE 1: sup(a) ---- a < &. 

(I) For b _~ a, we have already defined Fb,a. 
(2) Functions Projn~(a) are defined by the induction hypothesis, for 

nl _< n2 < ~v. 

CASE 2: sup(a) = &. 

(1) Subcase 1. b-- a. 

We define F~,~ as the identity. 

Subcase 2. b # a. 

Suppose that n < 0v and T E FEn(a). Let a < & be large enough such 

that J" E FE~(a N a) and b ~ (a N a). We let Fb,a(T) d~f Fb,~n~(J'). 

(2) For nl _< n2 < w and J" E F E ~  (a), we define 

(Projn~ (a))(J?) de__f (Proj~ (a M a))(~') 

if 2ff C FEn2 (a N a). 

(c) (i) For~" e U~<~ FEn(a), we define Hisa(~') ~ f  Hisan~(J') for any a < & 

such that  J~ E U,~<~ FEn(a N a). 

(ii) For T C Un<~FE~(a), we let Basea(T) d_~f Base~n~(J') for a such 

that  T C U,~<~ FE~(a A a). 

(d) 5: is a canonical assignment for p E P" iff for all/3 < & we have that  2 is a 

canonical assignment for p r/~. 

(e) (I) Suppose that n < w. For r C R + we let 

typeP,n(r) def typePta,,~(r I a) 
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for any a < & such tha t  Dome(r )  C_ a .  

r II Rp +, we (II) For n < w and r ~, E let 

! p~?'t I!  
, -  iff (r'  I " I 

191 

for any a < & such tha t  Dom~(r ' )  U Domp( r " )  C a .  

As a pa r t  of the  induct ive definition in the  case & a limit ordinal,  we prove the 

following 

Observation 6. 7: Objec ts  in i tems (a) (e) above are well defined. 

Proof of the Observation: We have to check several spots  where  the definition 

in the  case of & linfit might  run into a contradict ion.  We s ta r t  by (b) Case 2(1), 

Subcase  2. We assume tha t  a l  <_ a2 < &, while ~" c FEn(aMal )  M FE,~(a M a2),  

and b _<] a A a l .  We can prove by induction on a E [a l ,  a2] tha t  Fb,an~ ('~) = 

Fb,an~('i~). Note  the definition in the  case tha t  & is a successor ordinal,  i tem 

(b)(1),  Subcase  2 of Case 2. 

We move on to (b), Case 2(2). Suppose tha t  a l  _< a2 < & and ~" C FEn2 (a M 

a ] )  N FE~2(a  N a2).  We can prove by induction on a e [ a l , a2 ]  t ha t  

( P r o j ~  (a M a ] ) ) ( T )  = ( P r o j ~  (a M a ) ) ( ] ' ) .  

Observe  the  way the definition is set up in Subcase 1 of Case 2, (b)(2) of the  

definit ion for the  case of & being a successor ordinal.  

We go to i t em (c), pa r t  (i), which is proved similarly, observing the set  up of 

the definition in the  case of & being a successor ordinal,  Case 2, i t em (c) (i). 

Similarly for i tem (c), pa r t  (ii). 

We still have to check i tems (d) and (e), which is done in a s imilar  fashion. 

16.7 

Proof of  the Lemma: [6.6, case & a limit]. Firs t  suppose  cf(&) = R0. We prove 

(2) 6 'z  for a given fl _< &. Wi thou t  loss of generality, fl < &. Let  (a~: n < w) be  

an increasing sequence of ordinals  with a0 = / 3  and supn<~ an  -- &. Considering 

~p r~ , , x  (n < w), we finish by the  induct ion hypothes is  and Fact  2.18. 

If  cf(&) > R1, the  conclusion follows by the  induct ion hypothesis .  16.6 

This  ends the  induct ive definition. 

Definition 6.8: Suppose  t ha t  a < 092 and p _<pr q E P '  

By  induct ion on a we define (A) ~ and prove (B) ~ below: 
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(A) a Suppose tha t  • is a canonical assignment for q with a (~)  < a .  We define 

: p by lett ing 

def (~: V'A~: [Dom(~) M • : p '  = fl E (Dom(p)] U {a(~)})) ,  

and for 3 E Dom(Y~: p), for the unique n < w and T E FE, , (Dom(p))  such tha t  

e A ~  = {z E Rq+ra: type~ta"~(z) = T},  

we have 

(B) a 

CLAIM 6.9: Suppose that ~ is a canonical assignment for q with a(~) < a. Then  

: p is a canonical assignment for p. 

Proof  of  the Claim: Check Definition 6.5. 16.9 

7. M o r e  p a r t i a l  o r d e r s  

CLAIM 7.1: Suppose that a < w2, while p <_ p* E P" and ql, q2 E Rp are such 

that ql, q2 _< P*- T h e n  there is p** > p* and q* E R~ such that  ql, q2 <--apt q* and 

q* < p**, and p** E P~,. 

Proof  of  the  Claim: T h e  proof  is by induction on a .  The  eventful case of the  

induct ion is when a = /~  + 1 for some even fl E Dom(p) such tha t  

- '(ql r fl IF "ql(fl) = P(3)"  and q2 r fl IF "q~(~) = p(/~)"). 

We can find p '  >_ p* [ ~ in P~ which forces a value to  all 

def p* (/~) def def ~0 = ~t , V l  = Lql(~), ~ 2  : L q 2 ( ~ )  

By the induction hypothesis, possibly extending p', there is q' E Rpt ~ such that 

ql [ ~, q2 [ ~ -<apr q' and q' _< p'. We know that there is a predense set J in RpF 9 

such that each condition in J forces all of the above values (here is where we use 

the notion of "simple above"). Possibly increasing p' we can assume that there 

are r0, rl, r2 E Rpt ~ forcing a value to Vo, vl, v2 respectively, and all below p'. 
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By the induction hypothesis, possibly extending p' again, there is q • Rpt ~ which 

is above q' and ro-r2, and below p'. Let 

q. de__f qU {(fl, ((~/: q IF "r/• ..~t q~(fl) U ..~t q2(~),,}, 

Tq,(~) uTq~(~)))}, 

and p** a~f p 'U  {(fl, q*(fl))}. We need to check that q*(fl) is simple above q (so 

above p'), which follows as qt (19) is simple above ql [ 13 for l = 1, 2. 117.1 

COROLLARY 7.2: If  a,p, ql,q2 are as in Claim 7.1, then ql,q2 are compatible in 

Pa t iff ql, q2 are compatible in R v. 

Definition 7.3: Suppose that a < w2 and u C_ Dom(p). We define 

(1) GRv,= d__ef {q E Rv: Dom~(q) M u} = 0, 

(2) R + doe p,~ = {q • R+: Dom;(q) C u}. I 

We make GRv,,, and R+~ into partial orders by letting them inherit the order 

from Rp. 

CLMM 7.4: Suppose that a <_ w2, while p • Pat, u C_ Dom(p) and r • R+~ and 

s • GRv,u. Then the following is a well defined condition in Rp: for fl • Dom(p) 
we let 

f r(fl) i f f l  • Dom.v(r), 
(r U s)(fl) de__f ~ s(fl) i f  fl • DomE(s), 

L p(fl) otherwise. 
In addition, r U s >apt r, s. 

Proof of the Claim: The proof is by induction on a, and the only interesting 

case is when a = fl + 1 for some even fl • Dom(p). Note that exactly one of the 

clauses in the definition of (r U s)(fl) applies. Let us work with the first one, as 
the other cases are similar. 

Hence fl • Dom~(r) and (r U s) [ fl IF "(r O s)(fl) = r(fl)". So we have that  

( r U 8 )  I fl --~apr r [ ]~ and r ~-~pr r [ ft. By Claim 4.16 (2) a, rUs  = [(rUs) [ f l+r] 

is well defined, and the rest of the Claim is easily verified. 117.4 

Notation 7.5: We extend our definition of "r + s" from 4.16 to apply also to r, s 
as in Claim 7.4, letting r + s d=ef r U s. 

Definition 7.6: Suppose that  Q is a forcing notion and M -~ (H(x) ,  • ,  <*) is 

countable. We say that  an increasing sequence ~ = (sn: n < w) of conditions in 

Q M M is a gen e r i c  e n o u g h  s e q u e n c e  for  (Q, M) iff for every formula ~0 with 

parameters in M, there are infinitely many n such that  
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(a)  either there is no s >_ sn in Q such tha t  ~(s) holds, or 

CLAIM 7.7: Suppose  t~ ~ w2, while p • F~ and u C_ Dom(p).  

(1) Suppose  that  s • GRp,~ and r • R + are compatible.  Then  there are 

S' • GRp,u and r' • R+~ such that  s ~ s' and r ~ r '  ÷ s' .  

(Hence r is compat ible  wi th  every s" >_ s' for which s" • GRp,~.)  

(2) Suppose  tha t  { u , p , Q , Q ' , a }  c_ M ~ ( H ( x ) , • , < * )  is countable and ~ = 

(sn: n < w) is a generic enough sequence for (GRp,~, M).  Fur ther  suppose 

+ M M is compatible  with all s~. Then  there ~, • M M ( a +  1) a n d r  • Rpr~ t 

is r '  • RprT, u + n M such that  for all large enough n we have r _ < r' + sn. 

Proo f  o f  the Claim: (1) The  proof  is by induction on a.  The  interesting case is 

when a = fl + 1 for some even/3 • Dom(p).  

+ t '  By the induct ion hypothesis,  there are q' • Rgr~,un ~ and • GRpf~,~n~ such 

t h a t s  [ / ~ _ ~ t ' a n d r  [ f ~ < q ' + t ' .  

We first work in the case tha t  (q' + t') I~- "r(f~) _> s(fl)". If fl ~ u this means 

tha t  r [ /3 I~- "r(~)  =- p(fl)". We define r'  da q, + P, which is well defined by 

Claim 4.16 (2)% It  is easily seen tha t  r '  • R + Similarly we define s' de=_f t' + s, p~lt" 

and check tha t  r', s' axe as required. 
+ 8/ def t/  I f /3  • u, we define r '  def q, + r (note tha t  q~ • Rrt~) , and = + p, and 

S I check tha t  r ' ,  are as required. 

It  remains to be seen what  happens in the case tha t  it is not  t rue tha t  (q '+ t  ~) IJ- 

"r(fl) > s(f l)" .  As r and s are compatible,  we can by Claim 7.1 find z • Rp such 

tha t  z > r , s .  By Claim 6.2, we can find z + ~+  z, hence z + • R + and z + > s. 

Now we can apply the first par t  of the proof to z and s, and derive the desired 

conclusion. 

If  s"  > s '  and s"  • GRp,~, then r _< r + s"  and s" <_ r + s",  so r , s "  are 

compatible.  

(2) Wi thou t  loss of generality, a -- % Let 

I d°2 {s' • CRp, : (3r' • < r' + s')}. 

Hence I C M.  Let  n be such tha t  when choosing sn we have asked if there 

was s '  > sn with s '  E I ,  and if possible we chose sn+l to be some such s'.  (In 

other  words, either there is no s '  > sn with s ~ E I ,  or Sn+l E I . )  As r, sn are 

compatible,  by (1), we have chosen Sn+l so tha t  for some r '  C R+~ we have 

r _~ r '  -{- Sn. I7.7 
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Definition 7.8: Suppose  tha t  c~ _< w2 and (s~: n < w) and u, M are as above.  

Fur ther  suppose  t ha t  r E R + is compat ib le  with all sn and r E M.  
S 0 [O~ 

(1) We define D o m ( r / ~ )  d~J Dom~0r~(r ) n u, and for/3 E D o m ( r / ~ )  

(r/s)(/3) de f (tr(~) ' U {~1C <w2: (r ÷ 8n) [ /3 I}- '¢71E 2r(/3)"}).  
n <: a., 

(2) Suppose  tha t  n < w; we define Dom(r/s~) d~__f Dom,or~(r )  N u and for 

/3 c Dom( /s ) 

(r /Sn)( /3)  def (tr(~) ' U {T]C <w2: (7" ÷ 8rn) I/3 1[- "71E 2r(f3)"}) - 
m<n 

(3) Suppose  tha t  I is a subset  of P~. We let 

I / 8  def {q/g: q E I & q/g defined}. 

Definition 7.9: For a < w2, p E P~ and ql,q2 E R + which are compat ib le ,  we 
$ * 

define ql ® q2 in R + by lett ing for/3 E Domp(ql)  U Domp(q2) 

(ql if)q2)(/3) dezf (tql(~) U t q2(~) 7 -q'(13) u2q2(/3) ). 

Remark 7.10: If  p, q~, q2 are as above,  then ql (9 q2 is the lub of ql, q2 in R v (this 

can be proved by induct ion on a) .  

CLAIM 7.11: Suppose a <<_ w2 and ~ = (Sn: n < co}, and u , M  are as above. 

(1) ~ If  r E R+o~ N M is compatible with all sn, then r/~ E P£, and for all large 

enough  n we have  r / s n  E E~. 
4- (2) c~ Given q, r E R,or~ N M compatible with all sn, then  

[ q / g > r / g ]  i f f [ ( V * n ) ( q + S n  > _ r + s n ) ] .  

(3) ~ Suppose that I E M and r E R4- N M is compatible with all sn, while 80 I~ 

r Ik " I  countable predense C_ R~". 

(4) ~ 

Then  

r/~ Ik "I/~ countable predense C_ R r / ~ ' .  

Suppose that a -- /3 + 1 for some/3 E Dora( r /g ) .  ghrther suppose that 

r E R + N M and q C + soI~ Rsor~ N M are compatible with all Sn, while n < w 

and 

r [/3 Ik "q determines r(a) to degree n".  
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Then  

(r l$) [/3 I~- "ql$ determines (rib(a)) to degree n" .  

For r,q as above, i f t  is such that q It- " T  ~(~) rh <n2 = t" ,  then 
t ~  

ql$ It- " T  (~/~)(n) M <~2 = t".  
r ~  

(5) a Suppose that ~ is a canonical assignment for so. Fur ther  suppose that 
(p,~: n < 03) E M is a <_pr-increasing sequence in P" with limit p, such that 
p <_pr so and Dom(p) = u. Then  for every n < w, 

(V*/< w)[type~-°t~'n((r -t- sl) I a) = 
type~':fpT"~((r/s + Pl) I a)]. 

Proof of  the Claim: We prove the claim by induction on a ,  proving (1)~-(5) ~ 

simultaneously. The  only eventful case of the induction is when a - - /7  + 1 for 

some/3  even. 

(1) ~ By (1) ~, we have tha t  (r/~) [ /3 E P~. Without  loss of generality, /3 E 

Dom~0t~(r ) rq u. Given G which is P/~-generic and contains (r/5) [/3, we 

have: 

(a) 7-~/~)(/7) M <ht(t~(~)2 = t r(/7), as the corresponding s ta tement  about  

T r(/~) is forced by each (r  -t- s,~) r/3. 

(b) Similarly, T~/~)(~) is perfect.  

~(~I~)(~) (c) We show tha t  ,La  is nowhere dense. 

Given r# E <~2 and n* such that  (r+s,~.) r/3 IF "17 E T r(~)''. At some 

stage n > n* we have asked if there is s > s,~ with s E GRm,~ n M 

such tha t  for some q >_ r -t- sn with q E Rp +, and g I> r#, we have 

q II- "v ¢ 7-~(/~)" and q _< q ' + s  for some q' E R+~. By Claim 

7.7(1), there  was some such s which was chosen as Sn+l. In par t icular  

q 4 - s m  > r - t - s i n  for any m > n - t - 1 .  So for no m can we have 

(r  + sin) r/3 IF "u E Z ~(~)''. Hence v ¢ Z~/~)(~) .  

(d) We show tha t  r/~ is simple above (r/~) I/3. 
Let [ = (In: n < 03> exemplify tha t  r(/3) is simple above r I /3. 

Wi thou t  loss of generality, I E M.  By (3)~+(4) ~ we have tha t  

(In/~ : n < 03) exemplify tha t  r/~ is simple above (r/~) [/3. 
(2) ~ Again wi thout  loss of generality we have/3 E Dom(r /$ ) .  First  we prove the 

direct ion from right to left. 
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By the induction hypothesis, (q/g) [ ~ >- (r/g) [ ~. By the assumption, 

t q(f~) ~_ t r (~)  . Suppose that for some n large enough and 7/E <"~2, we have 

(r + s~) I/? I,- "7 E T ~(~)'. 

As q + sn > r + s,~, we have 

(q + sn) [ f~ IF "7 E T q(~)''. 

Hence (q/g) [ ~ IFp~ "7- (q/~)(~) _~ 7 -(~1~)(/3)''. 

Suppose that for some 7 E <ht(t~(o))2 and n large enough we have 

( q + s ~ )  1 / 3 1 F " T E T  q(~)''. A s q + s ~  >_r+sn, w e h a v e ~ E t  ~(~). 

In the direction from left to right, by the induction hypothesis we have that  

(v*~)[(q + s~) I Z > (~ + s~) I Z]. 

By the assumption, t q(f~) ~ t r(~). Suppose that for some n* large enough, and 
def  

7 E <~2, we have ( q + s n . )  [ ~ IF "7 E T r(~)''. Let m = lg(~). Let /= = 

(In: n < w) E M exemplify that r(f~) is simple above r [ ft. Hence, for some 

z E I m  M M which is compatible with q we have z IF "7 E 7 -r(~)' .  Notice that 

such a z is compatible with every sn. Hence z/g is defined and by (4) ~ we have 

z/g IF "7 E T (~1~)(~)''. We also have that z/g > (q I ~)/g >- (r [ fl)/~, and 

(q [ f~)/g IF "7 E 7 "r/~(~) ==~ 7 E 7- ql~(~)'. 

So z/g IF "7 E T q/~(/3)''. As z/g and q + sn are compatible for all large enough 

n, it must be that  for some n* large enough 

(q + sn. ) [ ~ IF "~? E 7- q(f~)" 

(by the genericity of g). 

Now suppose that  for some 77 E <h t ( t r ( a ) )2  and n large enough we have (q+s~) [ 
fl IF "7 E T q(~)''. Hence 77 E T q/~(~), so, as q/g > r/g, it must be that  7 E t r(f~). 

(3) ~ Certainly I /g  is countable, and by (2) ~ we also know that r/g IF "I/g C_ 

Rr l ~" . 
We show that  

I /g is a predense C R~/~. 
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Let I = {qt: l < w}. Suppose tha t  z* E R~I~, and we wish to show tha t  z* 

is compat ible  with some qz/s. Without  loss of generality, z* E R+/a. If qz/g is 

defined and z* [/7 is compatible with (qz/g) I ~, the only way tha t  z* and ql/s  
can turn  out  to be incompatible is tha t  one of the following happens:  

(i) Neither is t z(z) an end extension of t  (q/~)(z), nor the other way around,  

(ii) or t z(#) is an end extension of t (q/g)(~), but  for some r 1 E <ht(tz(f3))2 

which is not in t z(#), we have 

(z r/7) m (qUa) r 17 iv ,,~ E ! ~'/~(~) U!Z(n)", 

(iii) or t ql~(n) is an end extension of t z(~), but  for some ~ E <ht(tq(O))2 

which is not in t q(#) we have 

(z r/7) • (qzls) r t3 Ib- " l  7 E T q~l~(~) U T ~(~)''. 
r , o  r x ~  

W h e n  choosing sn, for some large enough n we have asked if there is 

z E P~ with Dom(z)  = Dom~0t~(r ) n u and such tha t  

(A) z t/7 _> (~ls~) I/7. 
(B) (VG' E Dom(z))(3t-y)(lI-p=< " t  4"~) = t-y"). 

(C) For all l _< n one of the following happens: 

(a) z F/727 is incompatible with (qz/sn) [/7; 
(b) neither is t ~(/3) an end extension of t ¢'(#), nor is t q~(z) an end 

extension of tz(ST); 

(c) t z(lj) is an end extension of tqd#), but  for some ~7 E <ht(tz(~))2 

which is not in t *(s3), we have 

(z r /7) • (qdsn) F /7 li- "rl E T q ' ls ' (n)  UTZ(n)" ;  

(d) t q~(¢) is an end extension of t z(¢), but  for some r 1 E <ht(tq(0))2 

which is not in t q`(#) we have 

(z t/7) (9 (qz/sn) r ~ ]k "rl E T q'/s-(n) u T zcn)''. 

If after some n* the answer to the above question was never positive, 

this means tha t  z* could not have been used as a witness, which 

means tha t  z* is compatible with some ql/5. 
Suppose tha t  the answer was positive at some large enough n, and 
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let this be exemplified by some z. Wi thou t  loss of generality we have 

z E M.  We can find m > n such that ,  with qm in place of qz above, 

neither of the first two possibilities happen.  So suppose the third one 

does. Hence for some k < m we have tha t  

z [/3 + (qm + sk) [/3 I~- "~ E T q~(z) u T ~(z)'' 

for some 7) E <ht(t~(~))2 \ t ~(~). But  this is a contradict ion with z [/3 

being compatible  with qm + sk. 

(4) ~ Similar. 

(5) ~ For l < w let 

T~' def so ['a,n = typ% ((r + s l )  [ a )  and 

T', def typePt:prTi2((r/a + Pl) [ a).  

We show tha t  for large enough 1 we have T}' = T'l, by compar ing  the 

corresponding 9 coordinates. It is easy to see tha t  for any l we have 

tha t  

n ITT] = n  [T 'z l=n,  o [T~] = o  [T~]= I ,  fl[TT]=/3[T',] = /3 ,  

t [x;] = t [T'z] = t ~(~) and 

g[TT] = g[T',] = Dom(r /g )  n a in the increasing enumerat ion.  

We now prove tha t  for large enough l we have wITN = w[7'*]. Assume 

m < n .  

W h e n  choosing sz's, we have infinitely often asked if there is s '  _>pr SZ 

and q > r such tha t  

(i) s' e GRso,~, 
(ii) (q + s') [ /3 E A m, 

(iii) for some l' > 1 we have (q/s ' )  113 E ~:P~ r~A~, 

and, if possible, we have chosen some such s '  as sl+l.  

POSSIBILITY 1: For some l large enough we chose st+l to satisfy (i)-(iii) above 

with sl+l in place of s' .  

Hence there is q which witnesses the choice. By (2) ~, we have q/~ > r/~,  so 
m E wtT~] n W [T~t. 

POSSIBILITY 2: For no large enough 1 could we have chosen Sl+l to  satisfy (i) 

(iii) above with sz+l in place of s' .  
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Suppose that  l is large enough and m E w ['rT], as exemplified by q. Without  

+ We have loss of generality q E M. Hence q >ap~ (r + st) [ 13 and q E R~ot#- 

(q/g) [ j3 > (r/g) r ft. Let q, i be such that ~A~ = z/E~ ° I~,i. Without loss of 

generality we have z E M. Hence, by the induction hypothesis we have 

e:"'r~A~ m (z/g + p,) , , , _~ :v ,  . 

By the induction hypothesis, for large enough l we have q/$ E e:pl A~m" This is a 

contradiction. Hence m ~ w [x~] for all large enough l. 

We similarly show that  m ~ w [v]l for all large.enough I. 

Other parts of the claim are checked similarly. 117.11 

8. Obtaining & in V P 

CLAIM 8.1: V P ~ ~. 

Proof of the Claim: 

Definition 8.2: Suppose that f i  is a sequence of elementary submodels of 

(H(x) ,  E, <x) and ~ a finite sequence in fi(0).  We say that  an x E H(X) is 

c h o s e n  cano n i ca l l y  for  (f i ,~) ,  if the choice of x depends only on the isomor- 

phism type of (f i ,  ~) as a submodel of (H(x),  E, <x '  a) ,  where a is a finite list 

of constant symbols (interpreted in fi(0) as ~). 

MAIN CLAIM 8.3: (1 )  Given a sequence f i  = (Nn: n < w) of countable elemen- 

tary submodels of (H(x) ,  E, <x) with Nn E Nn+l for all n, and Q, Q', Z E No 

and p E No M P such that 

p IF "~- ~ [~1] ~ ' ' ,  
t ~  

let a = (£ ,p ,  0 ,  ~)'> and let 5 de f Un<w(N n N WI). 

Then there is 

(a) a strictly increasing sequence /~ = /~(fi, a) = (/3~: n < o;) with 

sup~<~ ~,~ = 5, which is chosen canonically for (fi ,  ~), and 

(b) a condition r e = r ~- > p, with r e IF "{/3~: n < w} C ~ "  

(2) Va/ues o f ~  de=e ~(N,a) (n)  for n < w, and the fact that there is an r e > p 

such that r e It- "{/~,~: n < w} ___ ~ "  only depend on the isomorphism type oI 

(fiT, (t) as a submodel of (H(x) ,  E, <x'* ~a). 

def • • 
Proof of the Main Claim: (1) Let N~ = Un<~ N n  
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SUBCLAIM 8.4: Suppose tha t  N and ~ are as in the statement of the Main C/aim 

8.3 and N~ as defined above. Let ~ def otp(N~ n w2 n ODD) and let h be the 

order  isomorphism exemplifying this. Let  (u*: n < w) be the <x-first increasing 
d e f  , 

sequence of finite sets such that un = h - l ( u  *) C_ N,~ and U,~<~u,, = ~N. 

Let {qo~: n < ~} be the <x-first enumeration of the first order formu/as with 

parameters in N~, each formula appearing infinitely often, and such that the 

parameters of qo,~ are contained in N~. 

Then  there are sequences 

P = P~,a = (pn: n < w) and q = qN,a = (qn : n < w} 

chosen canonically for 1V and ~ such that: 

(i) q 0 = P 0 = P -  

(ii) Pn+l ->pr P~. 

(iii) p ,  <--~pr qn- 

(iv) Pn, q~ E N~+I. 

(v) For all n and a C u,~, we have that 

P,~+I [ a  Ik " fP~+l(a)(x) < fP~(a)(x [ (5*(p,~) ÷ 1) + 1 /2"" ,  
t ' ~  r ~  

~" (p~+O 
for all x E w 

(vi) For every n 

either 

(a)  There  is no p' >pr pn and q' >_~p~ p' such that ~ , (p ' ,  q) and (v) above 

holds with p' in place of p,~+l, 

o r  

(fl) (p~, q,~) are the <~-first  elements of H(X ) which exemplify that (a) 

does not happen, with p~ in place of p' and q,, in place of q. 

Proof of the Subclaim: The  proof  is straightforward. Const ruc t  pn, q,~ by 

induct ion on n, the step at the stage n = 0 being given. At the stage n + l ,  we are 

given p,~ and we consider ~o,,. If option (a)  holds, just  let P,~+I = q~+l d e  f P," If 

(fl) holds, then find (Pn+~, qn+l) as described in (~), and note  tha t  pn+l ,  qn+l E 

N~+2. is.4 

SUBCLAIM 8.5: Suppose that 1Y, ~ and p = PR,a are as in the Claim 8.4. 

Then  there is a canonically chosen condition p~ = PR,a such that for  all n we 

havep~ <_p~ p~, while Dom(p~) = N~ nw2 and ~*(p~) = N~ AWl. 

Proof of the Subclaim: Use the same argument  as the one used in Claim 5.1 to  

prove (2) ~ at  the stages a of countable cofinality. ~.5 
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There  is r > p~ such tha t  r It- "~ E T " for some ~ > 5. By Observation 4.13 

and Claim 6.2 there are So, r* such tha t  

(i) p~ <pr So _<+pr r*, and 

(ii) [c~ E Dom(r*)  ~ --(r* [ ~"  IF r*(~) = s0(~)")] ~ (~ C Dom(p~o). 

(iii) For some 13" > 5 we have r* It- "fl* E ~- " 
r , J  

Now let M be countable -~ ( H ( x ) , E , < ~ >  such tha t  {N, s0 , r* ,~*} C_ M.  
def 

Let v = {c~: ~(r* [ c~ It- "r*(c~) = So(a)")}, hence v is finite C_ Dom(p~).  

Let $ = (s~: n < w> be a generic enough sequence for (GR~o,Dom(p~), M).  Let 

be a canonical  assignment for so. 

Definition of/~ and re:  By induction on n < w we shall define f~n, as well as 

natural  numbers  m~ and conditions r~. 

"n = 0." We let m0 = no and/~0 def Nmo M Wl. 

"n + 1." Given are mn and/3n.  
Let rn ~ def ! = r a n +  1 be the first large enough integer > m~ so tha t  

type~_O,n (r* + s i n , )  = 

t n e  pin ' 'hI  * ' -  de__f T n "  y~ ~:p~, Lr / s  + pro,) 

We now consider the formula Cn(x0, Xl) saying tha t  

(I) pro, <<_pr Xo <-apt x l  and 

(II) xl  l~- "'y E T " for some ~/> Nm, f~ wl and 

t xo,~ (III) we have ype~:p., ,(xl) = T,~. 

Let  m~+l  be the first m > m ~ such tha t  ~m -= ~b~. Hence we have chosen 

(Pmn+~+l,qm~+~+l) SO tha t  ~b~((pm,+~+l, qm~+,+l)) holds, as is exemplified by 

(so, r* + s.~). 

Let rn dcf qm~ + P~, for n < w. We shall define r e so tha t  r e > r~ for all n. 

Hence r e ]~- "(j3n : n < w} C T ". 

The Main Point: W hy does such r e exist? All r n are elements of R +  and, by 

the definition of Tn,  each has the proper ty  tha t  r~ EP~;:(r*/~+p~).  By L e m m a  

2.13, there must  be ~ E Rp~ which is a common upper  bound to {r,~ : n < co}. 

Let r e de f ?~ _~ P~o. 

Proof  of the Main C/aim continued: (2) It  suffices to observe the following 

Observation 8.6: Given N,  5 as in Main Claim 8.3, let p and ~ be as in Subclaim 

8.4. Let  2 be a canonical  assignment for p~. Suppose tha t  X E [w] ~° is such tha t  



Vol. 113, 1999 & DOES NOT IMPLY THE EXISTENCE OF A SUSLIN TREE 203 

{q,~: n • X}  has an upper  bound in ff~p~,S. Suppose tha t  f :  ( N , 5 )  -+ (29 ' ,g ' )  is 

an i somorphism.  

Then  

{f(qn)  : n • X}  has an upper  bound in ~ U . < ~  I(p-) ,U.<~ l(~:p-)' I s 3  

Now we can finish proving Cla im 8.1 and so Theo rem 3.1. Let 

91def (H(x) ,E,<x,p ,~,Q,Q ), 

where p , ~ ,  0 ,  Q'  are constant  symbols .  We arrange 0 in V in this form: 

There  is a sequence 

(fira = (N/~ : i < 5) : 5 < wl limit) 

such t ha t  

1. N~ is a countable  e lementary  submodel  of 91, with N/~ Cl Wl < 5, 

/V~ [ i  • N/~+I . 

2. P)~ is cont inuously increasing. 

3. For every continuously increasing sequence (Ni: i < Wl) of countable  

e lementa ry  submodels  of 91, there is a s ta t ionary  set of 5 such tha t  the 

i somorphism type  of (Ni: i < 5) is the same as tha t  of (N~: i < 5). 

For 5 < wl a limit ordinal,  we choose the <~-first  increasing w-sequence 

5 and eg 0. We define sets (e~: n < w) of ordinals  such tha t  supn<~ e n = = 

A,  for such 5 as follows. Let N * de f Ui<5 X~. 
If N ~ MWl = 5, p N~° • P '  A N~ and p N~° I[- "~T No~ • [Wl] blt'', then 

A5 de=f R a n g ( ~ ( ( N ~  : n < w))). 
n 

Otherwise,  we let A~ be the range of any cofinal w-sequence in 5. 

We c la im tha t  (A~: 5 limit < wl} is a &-sequence in V P. 
So suppose  tha t  p* I~- " ~ *  E [wl] ~ ' ' '  and p E P ' .  We fix a continuously 

increasing sequence N = (Ni: i < wl) of countable  e lementary  submodels  of 9.1 

such tha t  Q = QNo,pNo = p*,LNo = L ,  Q, = [Q,]No and fi/ r i E Ni+l  for all 

i < wl. Then  
C de=f {5 < wl: 5 limit and N~ MWl = 5} 

is a club of wl. Hence there  is 5 < Wl such tha t  (Ni: i < 5) and (N~: i < 6) have 

the  same i somorph ism type.  So A~ is defined by the first clause in its definition. 
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Hence, by Main Claim 8.3(2), we have A~ = Rang(f l ( (N~:  n < w))), while 

r ( N  I 6) has an upper  bound, say r ®. Now r ® > p and r ® It- "A~ c_ T * "  

~8.1 ][3.1 

Remark 8.7: Note that  the club sequence (A~ : 5 < 091) we obtained for the 
final model is in fact a sequence in V. 
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