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Definition 1.1: & means that there is a sequence {(As: 6 limit < w;) such that
(i) each Ajs is an unbounded subset of d, and
(ii) for every A € [w1]™, there is § such that As C A. (Equivalently: there are
stationarily many such 4.) |

It is clear that ¢ = &, and it was already noted in [Ost] that & + CH
implies ¢ (as explained in [Ost], the argument is due to K. Devlin (in [Sh 98]
also Burgess is credited)). For a while, it was open if & and { were actually
equivalent, but this was settled by S. Shelah in [Sh 98], where a model of & is
constructed in which CH does not hold. The proof starts with V = L (or just
V E CH + {(ws)), and Rs Cohen subsets of wy are added. Then X, is collapsed,
and it is shown that, essentially, {(w2)Y
model.

can serve as a é-sequence in the final

Subsequently J. Baumgartner in an unpublished note gave a different con-
struction of a model of &+ ~CH, in which R, is not collapsed. P. Komjath [Ko],
continuing the proof in [Sh 98], proved it consistent to have M A for countable
partial orderings +—~CH, and &. Then S. Fuchino, S. Shelah and L. Soukup
[FShS 544] proved the same, without collapsing R;.

Having concluded that the principles, ¢ and &, are different we still may ask
to which extent the consequences of ¢ may be obtained from &. So, I. Juhdsz
asks in [Mi]: “Does & imply the existence of a Suslin tree?” This question is very
natural, as { was formulated by Jensen in [Je] in order to present his proof that
there are Suslin trees in L. In addition, the existence of a Suslin tree is a long
established test problem for various combinatorial principles to agree with.

Here we answer Juhdsz’s question negatively.

The idea of the proof is to start with a model of { + 2% = R,, and iterate
a forcing which specializes Suslin trees, in an iteration of length ws. Our plan
is, similarly to [Sh 98], to witness & by using < from the ground model in an
essential way. Note that adding ®; Cohen reals destroys any club sequence from
the ground model, which rules out finite support iterations.

Let x be a large enough regular cardinal, and let <} be a fixed well order of
H(x). The formulation of { that we use is that there is a sequence

N*=(N®= (N} :i<d):6<w)
where each N? is a continuously increasing sequence of countable elementary

submodels of 2 % (H(x), €, <%) with NfNw; < §for i < §, and N* is such
that for every continuously increasing sequence N = (N;: i < wq) of countable
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elementary submodels of 2, there is a stationary set of § < wy such that the
isomorphism type of N? is the same as that of (N;: i < 4).
Let P denote our forcing order. To show that & holds in V¥, we show that for

]Rln

every condition p € P, name T such that p 41 e [wy , and a sequence N as

above with p, 7 € Ng, there is a club of § < wy for which there is an unbounded
sequence Bmé = (Br: k < w) € V of ordinals below §, and a condition r® > p
such that r® IF “{8s: k <w} C 7”. Moreover, the choice of {f¢: k < w} and the

fact that r® exists only depend on the isomorphism type of (N;: i < §). Hence,
if such a § also has the property that the isomorphism type of (N;: i < §) is the
same as that of N%, then {f: k < w} are definable from N®. So, the sequence
(As: 6 limit < wq) given by

As % {Rang(ﬁm) if Bys is defined

] otherwise
is a d-sequence in VF. A typical consideration to make is the following. Suppose
that p and 7 are as above, while N = (N,: n < w) is an increasing sequence of
countable < 2, with N, € N1 for n < w and P,p,f'l\'l € Ny, and we wish to
construct 8 clof Bx and r® as above. Let N, def Un<w Nn and 6 def N, Nw;. We
can find r* > p and g* € T such that r* IF “B* € T ”. Now, we can reflect r*

and B* along N, and so obtain sequences {r,: n < w) and {B,: n < w) such that
ok “Bn € 77, while |J

a common upper bound to {r,: n < w}, we are done.

Bn = 6 and each r, > p. If we can then find r® as

n<w

From what we said so far, our concerns are twofold: to have a forcing in which
a certain amount of completeness is present, and, on the other hand, to have a
control of the way the reals are added (of course, we need to add reals, as we
need to violate ¢). In the direction of our second aim, we divide the iteration
in EVEN and ODD stages, and at the EVEN stages we add a real which
dominates all the reals in the previous model. In ODD stages we do a forcing
NNR(T) which specializes an Aronszajn tree T, doing so without adding reals.
Our forcing at ODD stages is from S. Shelah’s [Sh -f, V §6]. At EVEN stages,
we use the forcing UM for adding a universal meager set introduced by J. Truss
in [Tr] (there it was called “amoeba forcing for category”), and used in S. Shelah’s
[Sh 176]. This forcing adds a dominating real. The forcing is ccc in a strong way,
and, as shown by Shelah in [Sh 176], it has a strong “completeness” property, so-
called sweetness, which guarantees that many w-sequences of conditions have an
upper bound. This in particular implies that there is a dense set D of conditions
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in UM on which there are equivalence relations (F,: n < w), such that if a
sequence p = (p™: n < w) from D has the property that p" E, p* for all n, then
there is an upper bound to p. A forcing notion with this property, expanded by
such ({D, E,: n < w)), is called a sweetness model (see §2 for a better definition,
and [Sh 176] for a real discussion). For a more recent application of these ideas,
see [RoSh 672]. Our problem with completeness is then addressed by the way
the iteration is done: we iterate with countable supports, but allow a condition
p1 to extend a condition py only if the set of EVEN coordinates in the Dom(pg)
on which p; differs from py is finite (see [Sh -f, XIV] for a general treatment of
such iterations and further references; an example of such an iteration used in
connection with & is in [DjSh574]). Basically, because at our EVEN stages we
are doing a ccc forcing, and adding a dominating real, we can afford to do such
an iteration and still end up with a proper forcing.

Now consider again p and r* from our above-described scenario. Before choos-
ing 7*, we can construct increasing sequences p = (p,: n < w) and (gn: 7 < w)
which are sufficiently generic, in the following sense. We start with pg = p, and
choose p, and g, by induction on n. We shall have that p,;; and p, agree on
EVEN coordinates (we say p, <pr Pn+1), While g > pn and they agree on
the ODD coordinates, and Dom(p,,) = Dom(q,) (we say pn <apr ¢n). During
the induction, we make sure that for every formula ¢ with parameters in N,
there are infinitely many n such that, given p,, if we could have chosen p,4,
and gn41 so that ©(pny1,¢ny1) holds and the above description is not violated,
then we have done so. We can also make sure that p,’s don’t increase too much
(for this we need to use dominating reals added by UM’s along the way, and
the way the iteration is defined), and thanks to a completeness-style property of
N N R(T)-forcing this allows us, at the end of this induction, to define p,, as the
limit of all p,,. Now we can take r* > p,. We can find a condition p* such that
Puw <pr P* <apr ¥, and we can arrange that the only odd coordinates on which
p* and r* differ are those in Dom(p,,).

The set vy of EVEN coordinates in the domain of p,, where r* and p,, differ is
finite, so is contained in N, for some ng < w. The idea now is that (ry: k < w)
will be a subsequence {gn,: k < w) of (g,: n < w), constructed by induction
on k. By exhibiting at every stage k a suitable formula ¢, with parameters
in N, such that ¢(z,y) densely holds for z >y pn, and y >a,r , we shall
be able to control various properties of 7x’s. For example, we’ll be able to say
that gn,., I+ “Bes1 € I,” for some Bg41 > Nyp, Nwi. Due to the nature of the

NN R(T) forcing and the preparations we made so far, we reduce the problem of
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{ry: k < w) having an upper bound, basically to the problem of the projections of
gx’s onto vy having an upper bound. However, this is not exactly what happens,
because these projections are not necessarily conditions in P.

Given any condition z in P, if we consider all the conditions y such that
Y >apr £, We obtain a sweetness model, R, (we really use a variation called RY).
We shall aim at a condition v’ € R, such that g,, Ex r’, where Ey stands for the
k-th equivalence relation in the sweetness model R,,,. Then we can use sweetness
to assure that there is an upper bound as desired. What do we use as r'?

The condition we would really like to use as 7" is * | Dom(p,,). However, there
are possibly coordinates of * which are less than sup(N,, Nwz) and not in NV,
and names of r*(vy) for v € Dom(p,,) might depend on these “ghost” coordinates.
So r* | Dom(p,,) might not be a condition after all. Hence we have a task of
finding a r’" € R, which resembles 7* sufficiently, and let r;’s be more and more
equivalent to this r'. However, we also have to be sure that our rx’s will be able
to say something about 3*, to deliver the goods we implored them for.

We now place the entire situation in another countable elementary submodel
of 2, called M. We construct an increasing sequence 5 = (s,: n < w) sufficiently
generic for M, starting with sq = p*, and requiring s, to only differ from p* on
the coordinates outside of N,. We let ' be whatever 5 forces r* to be inside of
the Dom(p,), i.e. ¥ = r*/5 (see §8 for a more precise definition). As s,’s were
chosen to be sufficiently generic, we’ll have that the naturally defined join of s,
and 7’ will have the same n-th equivalence class in R, as r’ does in R,, , for all
large enough n. In §6 we develop a method of saying this through a first order
formula. Note that this join still contains the relevant information about 3*. So,
using again the genericity of (p,: n < w) we are done.

Swept under the rug in the above discussion is the fact that all the choices that
we make have to be made depending only on the isomorphism type on N, but
this is easily arranged thanks to the well ordering of H{x).

Taken with a grain of salt, as no proofs were given of our claims so far, and as
introductions are usually easier to understand once whatever they are supposed
to introduce is already understood, the above explanation might have convinced
the reader that what we do is sufficient to prove the desired theorem. But is
all this machinery really necessary? We can only say that we tried several other
approaches, and the difficulty that we would face in general is that some amount
of completeness was missing. Such completeness in the present proof is achieved
through the use of sweetness. One could presumably obtain a simpler proof
that some different version of & does not imply the existence of a Suslin tree.
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Saharon Shelah has notes in which a version of the order from [BMR] is iterated
with supports similar to the ones we are using, and the iteration shows that a
weak version of & does not imply the existence of a Suslin tree. However, by the
results in [DjSh574], this version of & is strictly weaker than &.

The paper is organized as follows. In §2 we give some background to NN R(T)
and UM. In §3 we state the Theorem. In §4 we describe the iteration and
prove various facts about it. The proof of the properness of the forcing used
is contained in §5. In §6 we give some definitions which are used to adapt the
notion of sweetness to our situation. However, the notions from [Sh 176] have to
be reformulated to fit our needs, hence in particular our discussion is completely
self-contained. In §7 we introduce some auxiliary partial orders, and set the
ground for the proof in §8. The main point of the proof is to obtain & in V¥,
This argument is presented in §8.

2. Background

The forcing needed in §3 will be an iteration of two kinds of individual forcings.
The first is the forcing from [Sh -f, V§6], which specializes an Aronszajn tree
T without adding reals. We shall refer to this forcing as NNR(T'). The other
individual forcing is UM (“universal meager”), the forcing introduced in [Tr] and
used in {Sh 176, §7]. In this section we review some properties of these forcings
that will be needed for the proof in §3-§8.

Notation 2.1: (1) For two sequences § and £, we say that §N¢ = ) whenever the
ranges of § and # are disjoint.
(2) Q stands for the rational numbers with their usual ordering.
(3) If T is a tree, then <¢ denotes the tree order of T. For z € T, we let
htr(z) def otp({y: y <r z}). We may omit T in this notation, if the T" we mean
is clear from the context.

If T is an wi-tree and ¢ < wy, then T; denotes the i-level of T, ie.
{z € T: ht(z) = i}.

If Z and § are two sequences of elements of T, then T <t § means that z and
7 have the same length and, for every [ € Dom(z), we have z; <r y.

If Rang(Z) N Rang(g) = (), we say that Z and ¢ are disjoint.
(4) If n and p are sequences, then 7 < p means that 7 is an initial segment of p.
(5) Without loss of generality, all Aronszajn trees T that we mention will be
assumed to have the property that T, C [wa,w(a+1)), for all @ < w;. In
addition, we’ll assume [T,| < Rg for all @ < wy. As we might want to consider
subtrees of T', we do not assume necessarily that T, = [wo,w(a + 1)) for all .
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(6) If T is an Aronszajn tree and & < wy, then {z]°: | < I*(a) < w} is the

increasing enumeration of T,.

(7) Suppose that T is an Aronszajn tree and m < w, while o < w;. We define
def

wle = {zl*: 1 < m}.

(8) We often identify a node z € Tj for limit § with the branch {y: y <r z}.
Also, if @ < B and z € Tg, then = | (a + 1) denotes the unique y € T, with
y<rZz.

Definition 2.2: Given an Aronszajn tree T, we define

(1) NNRy(T) def {(f,C): C is a closed subset of some o + 1 < wy
with the last element o % 1t(C), and
f: UieCT ; — Q is monotonically increasing}.
For (f1,C1) and (f,C2) in NNR(T), we say (f1,C1) <nnr, (1) (f2,C2) iff
Cr=Cz [ (It(C1) +1) and f1 C fa.
(2) T' is a T-promise iff there is a club C(T') of w; and n = n(I") < w such that:
(a) All elements of I" have form {(zo,...,Zn~1) where {zg,...,Zn,_1) are such
that
(B e CIN{(Vi #j <n) (i # z5) & (Vi < n) (2 € Ta)).
(b) f @ < B € C(I') & T € ' |"Ta, then there are infinitely many pairwise
disjoint § € ™Tj such that Z <7 ¥.
(€) TN ™(Tmin(c(ry)) # 0.
(3) (f,C) € NNR;(T) fulfills a promise I iff
(o) It(C) € C(T") and C(T) D C ~min(C(I")).
(B) Forall a < 8 € C{L)YNC, and for all z € T (™I)N(T,) the following holds:
(@) For all € > 0, there are infinitely many pairwise disjoint § € "(F)Tﬂ with
Z < g and such that for all [ < n(I') we have

fl@) < fly) < flz) +e.

The intention of fulfilling a promise is that f is guaranteed not to grow too much along the

relevant branches.

(4) NNR(T) % {(f,C,¥) :(f,C) € NNRy(T) and ¥ is a countable set
of promises which (f, C) fulfills}.

We let (f1,C1,¥1) < (f2,C2, ¥2) iff (f1,C1) <nwRy(1) (f2,C2) and ¥, is a
subset of ¥, while C2~ C1 C ey, C(T).
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Notation 2.3: Forp = (f,C,¥) € NNR(T), we write f* %< f, cr & ¢, v = ¢
and 1t(p) < 18(C,).

Definition 2.4 [Sh -f, VIII §2]: Given & an infinite cardinal, a forcing notion P
is said to satisfy s-pic” iff for all large enough x and well orders <}, of H(x), we
have:

Suppose that i < j < &, and N;, N; <2 = (H(x), €, <},) are countable with
Kk, P € N;N N;, while N;Nk C jand N;Ni = N;Nj, and N; is the Skolem
hull in 2 of (N;(\N;) U {l} for [ € {i,5}. Further suppose that p € PN N;,
while A: N; = Nj is an isomorphism with A [ (N; N N;) being the identity, and
h(z) = 3.

Then there is ¢ € P such that

(a) p,h(p) < q, and for every maximal antichain I C P with I € N;, we have

that I N N; is predense above g.
(b) For every r € N;N P and ¢ such that ¢ < ¢’ € P, there is ¢” € P such that

r<q iff h(r)<q"

Fact 2.5 [Sh -f, VIII, 2.5* and 2.9*]: Suppose that Q = (P, Q4 a < o) is

a countable support iteration and k is regular. Further suppose that for each
a < o* we have IFp, “Q, has k-pic*.” Then :

(1) If a* < k, then P,. satisfies x-pic*.
(2) If o* < Kk and (Vi < k) (u™° < k), then Py satisfies k — cc.
(3) If a* < k and (Vu < k) (u0 < &), then

Fp,. “(Vu < &) (1R < k).

FacT 2.6 [Sh -f, V§6]: Suppose V |= CH. Then NNR(T) is a proper Rp-cc,
moreover X,-pic*, forcing which specializes T' without adding reals.
Note that [NNR(T)| < 2%,

FACT 2.7 [Sh-f V, 6.7]: Suppose that x is large enough and N < (H(x), €) is
countable such that T € N. Let § © N n w; and € > 0. Further suppose that
p € NNR(T)N N and for some n < w we have by, ...,b,-1 are distinct branches
of Ts, while I € N is an open dense subset of P.

Then there is ¢ > p with ¢ € I N N, and such that for all i < n we have

FAUbi(1t(g))) < fP(b:i(lt(p))) + €.

The following is well known and follows from the above Fact 2.7:
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CLAIM 2.8: Suppose that x is large enough and N < (H(x), €) is countable
such that T € N, while p € NNR(T)N N. Then there is ¢ > p which is
(N, NN R(T))-generic and lt(q) = N Nwy.

Proof of the Claim: Let {I,: n < w} enumerate all open dense subsets of
NNR(T) which are elements of N. Using Fact 2.7, we can build an increasing
sequence (p,: n < w) of conditions in NN R(T') such that:

(a) po =p.
(b) p, € N. .
(c) For every n < w, for every z € wni(lp"“) we have

ferer(a) < fP(x ] [lt(pa) + 1)) + 172"

(d) Pn+1 € In-
def def

Now we can define g by letting lt(q) = 4, C? = U, CP~ U {6}, while

nlw
£
1= 1o ud(@ sup (P ] ) + 1)
nw nw
z € T5&z | [lt(pr) + 1] € Dom(f?")},
and ¥9 & Un<o ¥P". It is easily seen that q is as required. s

Definition 2.9: (1) T C <¥2 is a nowhere dense tree iff , for all n € T, there
is pe <w2~T withn < p.
(2) T € <+2 is perfeet iff, for all n € T, there are p; # p both in 7 and both
extending 7.
(3) UMY {(t, T): T C <“2 is a perfect nowhere dense tree
and for some n we have t = 7T N"2}.

For (t1,T1),(t2, T2) € UM, we say (t1,T1) < (t2,72) iff for some n we have
ty =t,N"2,and T; C 7.
FACT 2.10 [Tr]: Suppose that G is U M-generic.

Then § & W{T: 3)((t, T) € G)} is a nowhere dense subtree of <“2.

The following consequence of Fact 2.10 is also well known:

CrAaMm 2.11: UM adds a real which dominates all the reals from the ground
model.

Proof of the Claim: Let S be the nowhere dense tree added by UM. We define
gs € “w by letting

gs(n) def min{m: (Vn € SN"2)(Fp e ™2~8) (n <ap)}.
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Hence gs is well defined, and we shall now see that it dominates all f € “w of
the ground model. Fix such an f, and note that the set of all conditions (¢, T)
which satisfy

(3no)(Vn = no) [min{m: (Vn € "2)(3p € "2T) (n < p)} > f(n)]

is dense in UM. 1

Notation 2.12: Forp= (t,T) € UM, we let tP 4l and TP & T

Definition 2.13 [Sh 176, §7]: (1) A forcing notion P is sweet if there is a subset
of D of P and equivalence relations E,, on D for n < w, such that:

(a) D C P is dense, E,4+ refines E,, and E,, has countably many equivalence
classes.

(b) For every n < w and p € D, the equivalence class p/E, is directed.

(c) If p* € D for i < w, and p* E; p”, then {p*: i < w} has an upper bound,
moreover, for each n < w the set {p*: n < i < w} has an upper bound in
p¥/En.

(d) For every p,q in D and n < w, there is k < w such that for every p’ € p/FEj,

(3r € ¢/E,) (r 2 p) = (3r € ¢/En) (r 2 7).

(2) If (1) above holds, we say that (P, D, E,)n<. is a sweetness model.

Definition 2.14 [Sh 176, §7]: Suppose that B = (P, D% EQ),., is a sweetness
model and A = (A,: e < w) enumerates {p/E%: n < w & p € D}
(1) For ¢ € D° we define k,(¢) as the minimal k¥ < w such that for every
q’ € g/E? we have that

Bredy)(r>q iff (I € An) (' >¢).
(2) We define
DE{(p,(t,T)):p D’ & Ikp “(t,T)" € UM"}.

For n < w and (py, (t;,T1)) € P*UM (I = 1,2), we say that

(pla (tl’Il)) En (p21 (t2vl-2))

iff the following conditions hold:
(a) Y4 E2P2a
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(ﬂ) tl = t?,
(v) for every m < n, there is p € A,, with p > p; iff there is p € A,,, with

P 2 P2,
(8) suppose that m < n and there is p € A,, such that p > py, and let n € <"2;

then there is p € A, such that pI- “p ¢ 7, iff there is p € A4,, such that
p ”__ “n ¢ 1'277,

(€) for all m < n we have kn(p1) = kn(p2) and for all m < n we have
N Egm(pl) p2-

Definition 2.15 [Sh 176, §7]: Sweetness models B def (P, DY, El)pc, and
B, 4 (P%,D?, E2) <., are said to satisfy B; < B, iff:

(a) P! is a complete suborder of P2, while D! C D? and for each n we have

that E. is E? restricted to D

(b) For all p € D! and n < w we have p/E2 C P!.

(c) If p < q and ¢ € D!, while p € D?, then p € D'
Notation 2.16: Suppose that B, A and P are as in the assumptions of Definition
2.14 and D and E, (n < w) are as defined in Definition 2.14. We say that

%A * UM & (P * U,\M,Dv En)n<w
is the canonical sweetness model on P x UMwith respect to B and A.

Fact 2.17 [The Composition Claim, Sh 176, §7]: If 9B is a sweetness model
and A is an enumeration of the equivalence classes of B, then B 4 * U M is a

sweetness model and B < Bz« UM.

Fact 2.18 [Sh 176, §7]:  Suppose that for k < n we have that (P*, D*, EF), .,
is a sweetness model and

(Pk Dk Ek)'n<u < (Pk+17Dk+l9Eﬁ+l)n<w-

Then (Ug<o, P¥,Uk<o P*, Ui<o EF)n<w is a sweetness model with the property
that for all k¥ < w we have
(P, D% Ef)ncw < (I P5, | D% | Ef)ncw
k<w k<w k<w

NOTE 2.19: Any sweet forcing P is ccc, even is o-centered.

[Why? Let {A,,: m < w} enumerate all ¢/E, for ¢ € D and n < w. For
m < w, let By, def {g: (3p € An)(p > ¢)}, hence each B, is directed and
P = ey Bml
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3. & does not imply the existence of a Suslin tree

THEOREM 3.1: Assume that V = “O(w;) + 2% = Ry,
Then there is a proper Wy — cc forcing notion P such that t+p “&-+ there are
no Suslin trees”.

The proof of this Theorem is presented in §4-§8.

4. Forcing and iteration

NOTATION 4.1:  “T is NWD” means that T is a perfect nowhere dense subtree
of <2,

Definition 4.2: By simultaneous induction on « < we, we define items (1)—(3)
and prove Claim 4.3 below.

(1)
(I) Dom(p) is a countable C «
P, def ) p: (II) For all i € Dom(p) we have
ip, “pl0) € Q0"
(2) 1f o = 2i for some ¢, then IFp, “Qo =UM".
(3) If @ = 2i + 1 for some i, then IFp, “Qo = NNR(T*)", where T* is a Py;-

name of an Aronszajn tree, handed to us by the bookkeeping (see Claim
4.3 below). (We emphasize that T is a Py;-name, not a P,-name.)

(4) We say that p < ¢ for p,q € P, iff for all j € Dom(p) we have:
(a) jeven = ¢ jlrp, “p(j) < q(5)” and
(b) {2¢ € Dom(p) : —(q ] (2¢) IF “p(2¢) = ¢(2¢)”)} is finite.
(c) jodd =ltp, “p(j) < q()”. W

(Note that (P,, <) is a forcing notion.)

CrLamM 4.3: If a = 21+ 1 for some i, then

IFp, “T'™ is an Aronszajn tree”.
~

Proof of the Claim: This easily follows from the fact that UM is o-centered
(Fact 2.17 and Note 2.19, and even the property of Knaster suffices). Namely,
suppose that o = 27 + 1. We know that

IFp,, “z"‘ is an Aronszajn tree”,
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as T is a Py;-name of an Aronszajn tree. We only have to check that Q)o; does

not add any uncountable branches to 7%. We work in V2. Suppose p € UM

and
plk “ 711w — T is increasing & (Vy < w1)(7,(7) € I)”.

For v < wy, let D, be the set of conditions of UM which are above p and decide
the value of 7 (7). Then there is a directed subset A of UM and an uncountable
B C w; such that

ye€B= AND, #0.

It follows from the directedness of A that, for all v € B, there is a unigue [, such

that for all ¢ € D, N A we have g I “7(v) = x?; 7. Again by the directedness of

A, if 71 < v € B we must have 1:[73:‘ <7a xlq;"}, a contradiction. L3
NoTATION 4.4: (1) For j < a and p,r € P; we say p <up, 7 iff

(i) Dom(p) = Dom(r) and

(ii) p <r and

(iii) (V2 + 1 € Dom(p)) (r [ (2i+ 1) Fp,,, “r(2i+1) = p(2i + 1)").
(2) For j < o and p,7 € P; we say p <, r iff

(a) p<rand

(b) (V2i € Dom(p)) (r | (2¢) IFp,, “r(2¢) = p(2)”).

Observation 4.5: <;; and <, are partial orders.

Definition 4.6: By simultaneous induction on a < wy, we define items (1)—(4)
below and prove Claim 4.7 below.*

(A)If 2¢ € Dom(p), then
p(2i) is simple above p | 2:
(1) P el pe P, : (B)There is 6*(p) limit < w; such that
2i + 1 € Dom(p) =
Py “16(p(20 + 1)) = 6*(p)”

¥

with the order inherited from P,.
T T
(2) f2i<cand 7 = (t™~,T~) is a Pi-name for a condition in UM, while

q € Py;, we say that ¢ determines 7 to degree n iff

-
(1) q forces in Py; a value to I” nsnrg

* Later we shall prove that P, is a dense subset of P,, for all a < wy.
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.,.
(ii) g forces in Py; a value to ¢,

(iii) for all n € 2, there is v I> 5 such that
glrp, v E T,
(iv) for all § € "2, there are 7y # m2 > 7 such that
qlkp, “n Gz'z = M, 72 ejf”.
(3) For p € P, we define

def
R, = {ge€ P, : q>ap 1},

with the order inherited from P,,.
(4) For 2i < o and p € Py;, we say that p(2i) = (¢*,7%) is simple above
p | 2¢ iff there are I, (n < w) such that

pl2ilkp, “(Vn <w)[ln C R(p2:) countable predense in Rypo; &
(r € I, = r determines p(27) to degree n)|”.

CramM 4.7: Ifpe P, and f < a, thenp [ B € Pp.

Proof of the Claim: This is easily checked, noting that the definition of p(2i)
being simple above p | 2i only depends on p | 2i, for 2i < a. | P

NOTATION 4.8: (1) p Zapr (Zpra >)qiff g <apr (Spra <)p
(2) Let Q = (P, Qp: @ < wy, B < ws) and Q' = (Ph: a < wa).

def
@G PP

(4) x is a fixed large enough regular cardinal, and <}, is a fixed well-ordering of
H(x).

(5) EVEN stands for the set of even ordinals, and ODD for the set of odd ones.
(6) Quantifier V* means “for all but finitely many”.

(7) p < g € P, means that p,q € P, and in P, we have p < q.

Definition 4.9: Suppose that 2i < we and p € P;, and p(2i) is simple above
p | 2i, while I = (I,: n < w) are as in Definition 4.6(4). We say that I
exemplifies the simplicity of p(2i) above p | 2i.
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NOTE 4.10: (1) Suppose that & < wz and (@,: n < w) is an increasing sequence
of ordinals with sup,, .., &, = a. Further suppose that (g,: n < w) is a sequence
such that

(i) gn € Py, [P, ] for all n,

(i) gn+1 [ @n = gn-

Then ¢ def Un<w @n is a condition in P, [P;].
(2) For every o < wa we have lFp_ “ga is proper”.

(3) If @ < wp and p,p’ are such that p <,pr p’ € P, then
Ry ={q€Rp:q>p'}.
(4) If p <apr p' € P, then 6*(p) = 6*(p').
NoTATION 4.11: (1) Given 7 < wp even, we let g, be a P,-name for the

dominating real added by Q5.
(2) Suppose that § < & < wp and A C P.,. We define

AIBE {518 s€ A}
(3) For @ < wy and J C P}, we say that J is <,,-open iff
(Vpe P)(Vge J)p2peq=>pEJ).
We say that J is <j-dense above p € P, iff
(Vg€ P) g >pe p=> (3r € J) (r 2 )]

Observation 4.12: Suppose that 3 < o < wy and p € P.. Further suppose that
J C P is <j;-open and <,,-dense above p.
Then J | 3 is <y ;-open <,-dense above p | 5.

Observation 4.13: Suppose that a < wp and p < g € P,, and let us define r as
follows:
r(8) def [ p(B) if B € (EVEN NDom(p)),
g(B) otherwise,

letting Dom(r) = Dom(g). Then r € P, and r has the following properties:

(1) D <pr T <apr ¢

(ii) =(g B “r(B) = q(B)") = £ € Dom(p).

(iii) If there is 6* such that for all odd 8 € Dom(g) we have I-p, “lt(q) = &*

then for all such 8 we have I-p; “1t(r(B)) = 0*.

Y
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NOTATION 4.14: Suppose that @ < ws and p < g € P,. Then r defined as in
Observation 4.13 is denoted by intr(p, q).

CLAIM: Given a < wp and p € P). Then
plFp, “Rp Is a ccc partial order”.

(More is true; see Lemma 6.6.)

Proof of the Claim: By induction on «, for all p € P/ simultaneously. There
are two eventful cases of the induction.

“a=p+1,5 even.” Note that R, C Rpj5* UM is a suborder which is dense
above p. (Or see the proof of Claim 5.1 (1)% case ¢ = 8* + 1 and * even.)

“cf(a) = Ro.” Given {r;: i <wi} C R,, for i <wj let

d f &« »
F; © {8 € Dom(p): ~(r; | B1F “ri(8) = p(8)")}.

Without loss of generality, as F; € [Dom(p) N EVEN|<® we have, for all i,
F; = F*, and now the conclusion follows by the induction hypothesis. | T

CrLAmM 4.16: Suppose that o < w, and q,r € P, are such that p <, r and
P <pr g. Let us define r + ¢ by letting Dom(r + ¢q) = Dom(q) and, for § €
Dom(r + q),

def [ r(f) if € EVEN € Dom(r),
(r+9)(8) = {q(ﬁ) Iotherwise.

Then r+qg€ Ry andr+q >p, 7.

Proof of the Claim: The proof is by induction on a, for all conditions in P,
simultaneously. The eventful case of the induction is
“a=p0+1, 3 even.”

We need to prove that (r + ¢)(f) is simple above (r + q) [ 8.

Case 1: § € Dom(r). Let (I,: n < w) exemplify that r(3) is simple above
r [ B. Forn <w let

I s+((r+q 1 8:sel,}

By the induction hypothesis we have that J, is a countable subset of R(4q)1g)-
We finish by noticing that J, is predense in R q)14)-
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Case 2: 8¢ Dom(r). Let now (I,: n < w) exemplify that ¢(3) is simple above
g | B. Let, for n < w,

def
Kn = {2 € Riaqp): (3s € In)[z 2 5]},

and let J, be countable predense C K, (exists by 4.15). It is easily seen that
(Jn: n < w) exemplify that {r + ¢)(3) is simple above (r +¢) | 5. | PP

NOTATION 4.17: Suppose that p and ¢ are as in Claim 4.16, and R C R,,. Then
R+q¥ {r+qreR}

5. Properness

CLAamM 5.1: Given a < wsq, the following holds.

(1)™ P., is a <p,-dense subset of P,.

(2)* Suppose that N < (H(x), €) is countable, {p,a,Q,Q'} C N, where p is
some element of P,,. Further assume that J € N is a <,.-open <p,-dense above
p subset of {q € P.: p <y q}, and u is finite C ODD N Dom(p), while € > 0. In
addition, suppose that for v € u we have a Py-name T ., (not necessarily in N)

such that p [y I+ “7 ., is finite CT7 . Let T def (T 4i7 €u).

Nanl
Then there is ¢ € P, such that

( (1) g 2pc P,

(ii) g is (N, P.)-generic, moreover,

(ii)* ¢ is a limit of a <, -increasing <,, -generic

sequence (g,: n < w) such that for every I € N an
open dense C P, |, ., (IN R, NN) is predense

(*)p.q.N.Juc,7 meaning above g, while gy >p; p and each g, € N.

~ (iii) For all y € w and z withq [y IF “z € 7,7,

Iyl fi0(z) < FPD(2 [ (8*(p) + 1)) + €,

(iv) 6*(¢) = N Nw; and
L (v)g € J.

NOTATION 5.2: Suppose that (x) holds for some appropriate values

a
»q,N,Jue,T
of a,p,q,N,J,u,¢, 7, and that (g,: n < w) is a sequence as in the definition of

(*)p.a,N, Jue.- - We say that (gn: n < w) exemplifies that ()5~ ;. holds.

Proof of the Claim: The proof is by induction on «a, (1)* and (2)* simultane-
ously. However, we shall formulate four additional statements to help us carry
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the induction. These statements are denoted by (1)%, (1)**, (1)¢ and (2)*t=.
We shall prove by induction on « that (1)%, (1)*%, (1)2, and (2)** hold. As
(2) is clearly a strengthening of (2)* and (1) of (1)%, this suffices.
Description of (1)2, (1)1, (1)¢ and (2)*°.

(1) Assume that o = §+1 and f is even, while p € P, issuch that p | § € P},
J C P is <,-open and <,-dense above p. Further assume that N < (H(x), €)

is countable and {p,3,Q,Q’,J} C N. Suppose (*)frB,T.N,Jrﬂ,u,e , for some

appropriate u, 7 and €.
Then ¢ % r U {(B,p(B))} € P, and ¢ > p. If p € P, then ()5 n 7y 7

(1)*> Suppose that p € Py, < o and r € Py are such that for some p’ € Py
with p’ >, p | 8 and some appropriate N, J,¢, T we have (*)g,’r, NoJue,T Then
there is ¢ € P, such that ¢ [ 8 =r and q >, p.

(1) Suppose that @ = § + 1 and 8 is odd. Given N < (H(x), €) countable
such that o, Q, Q" € N we let J,u,e and 7 be as in the assumptions of (2)*. Let

§ %Y NNw;. Let {In:n < w} enumerate all Pg-names of open dense subsets

of Qs which are elements of N, each appearing infinitely often. Further assume
that (r,: n < w) exemplifies that (*)grﬁ,r,N,Jrﬁ,unﬁ,e,‘? 1p holds.

Now assume that (p,: n < w) is a sequence of conditions in P, with the
following properties:
{a) pp | B=7,and p, € N.
(b) P Spr Pn Spr Pn+1-
(c) There is a series X <€, with ¥, <€, < €, such that for each n < w the
following statement & is forced by r:

« frrrB)(g)y < freB)(g | (6%(pn) + 1)) +€n”, for all £ with
def TP

Py IF 42 € w e ULy [ (6*(Pni1 +1)): y € 75}
gp-1(n)

(e) 7lFpy “pny1(B) Ef{n”.
Then the following defines a condition ¢ in P.:
We let Dom(q) = Dom(r) U {#} and q [ § = r. Further let fq(ﬂ)(gi) be

fpn(B)(x)
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if, for some j with 7, IF <5 € CP~(®" | we have

TB
rolk“zew™  U{yl (8" (pn) +1): yE€ T )
9p-1(n)
and let it be
Lacw SOz 1 (67(n) + 1))

if 7l “z € TP

\Ilpn(ﬂ)'

n<w I

é
We let ¢7& = (U, €7 ) U {5} Let g7 <=
Moreover,

(K)pg, N8} Je, -

(2)*t For every 8 < a and p, N, J, u,€, 7 as in the hypothesis of (2)*, and

7 € Pj such that (=s<)gm‘r‘1\,“]m’mﬁ,e'Z 1+ there is g € P, such that (*)g,q,N,J,u,e,Z

and gq[B=r.

Proof of (1)%, (1)™%, (1), and (2)*°:
“a =0.” Trivial.
“@=F*+1and B* is even.”

(1)¢ Hence 8 = B*. It is easily seen that ¢ € P, and q >, p. By the choice
of r, in order to see that g € P, we only need to check that p(3) is simple above
g | B. Given n < w, let

1Y {s € Pg: s determines p(3) to degree n}.
Hence I C Pg is open dense above p | 3, and certainly / € N. Let I “rn Pg.
By the induction hypothesis (1)?, we have that I’ is an open dense subset of Pg.
So, by the choice of 7 as a limit of a purely increasing sequence (r,, : m < w)
(see (ii)T) we have that

def

L,< |JI'n(R,, +r)NN)

m<lw
predense above. Certainly I, is countable and consists of conditions which are
in R4, so I is as required. This shows that g € P,.
Suppose that p € P.,. As we have IFp, “Qg is ccc”, it follows by the usual

arguments that g is (N, P,)-generic. As we have just proved that P, is <p,-
dense C P,, by the choice of (r,: n < w) we can find a subsequence (r,,: k < w)
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such that choosing g o Tny U{(8,0(8))} we'll have shown that (ii)* from the
definition of (x)5 , n ;.7 holds. If u C ODD N a, then in fact u C B, so (iii)
holds as well, by the choice of r. It is also easily seen that (iv) and (v) hold,
noticing that J [ 3 is <,-dense and <,,;-open above p [ 5.

(1)*™* Given p € P,, without loss of generality, 3 = 8*. Now apply (1)¢ to

rU{(8", p(8)}-
(1)2 Does not apply.

(2)1> Without loss of generality, 3 = 3*. We let g &ty {(B,p(B))}. By (1)
it follows that (¥)5 , n .. 7 Dolds.

“a=F*+1and g* is 0dd.”

(1)2 Does not apply.

(1) Follows by the induction hypothesis (1)*#".

(1)S Hence * = 3. This is like the proof of Claim 2.8, but we also get to use
Claim 2.11. We first show that I-p, “q(8) € gg”. It is easily seen that

IFp, “«09(8) is a closed subset of § + 1 with the last element 4”.

It is also easy to see, by the choice of (p,: n < w), that Pg forces that gq(ﬂ)
is a countable set of promises, and that T € ’\gq(ﬁ) = 6 € C(T) (because the
promises are in N), and Q(E) ») ng) ~ mln(g(rl::)) We have to check that Pg
forces ,f, 1) t6 be a well defined function.

All information in the next three paragraphs is either true or forced by r to be
true, and which one is the case is clear from the context:

For z € Dom( I, 46)) for which I/ a(B)( z) is defined by the first clause of its
definition, the fact that ;\fJ qw)(g\:}) is well defined follows from the fact that p,
are increasing. For those z € Dom( I, 48)} for which f, ) (z) is defined by the
second clause of the definition, we have r I+ “z € T'”. Hence 2 is a P5_;-name

(this is where we use the fact that Zjﬁ is a Pg_1-name). We define a Pg_;-name
h of a function from w to w by ril(n) =miff z [ (6*(pn)+1) is the m-th element
of the increasing enumeration of Z:? (pn)? B forced by r | (8 —1).

By the definition of g1 we have that for all but finitely many n, it is forced
by r that h(n) < gs-1(n). Hence for all but finitely many n we have that &
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from {c) in (1)5 holds for z in question. Hence f s )( z ) is well defined.
Now it is also obvious that f 4) s forced to be a partial monotonically in-

creasing function into Q. We can also see that the domain of qu) is forced to
be UlGCQ(ﬂ) T as this follows by the fact that lbp, | “g 51 diverges to co.”

The rest is easy to check.

(2)* By the induction hypothesis, without loss of generality we have §* = 3
and u = {ﬁ }. For n < w let ¢, & ¢/2n+2.

Let 6§ % N nw. By Fact 2.7, we can find a sequence (p, : n < w) which
satisfies (a)—(e) in the statement of (1)%, where we have chosen {r, : n < w) to
exemplify (*)zﬁ)rﬁ,r,N.Jrﬁ,umB,ez 18

“a a limit ordinal.” Both (1) and (1)¢ are vacuously true. The following

proof proves both {1)** and (2)**. Assume p~ € P, and 8 < a.

Case 1: cf(a) = Rg. Let (an: n < w) be a sequence in N which is increasing
and cofinal in «, with ag = 5. Let p o po Zpr p~ | B be such that py € Pj.
Without loss of generality, po € N. Let (u,: n < w) be an increasing sequence of
finite subsets of ODDNN Nwy, with (U, .., un = NNODDNwy. Let 6§ € NNw;.
Let (d,: n < w) be an increasing sequence of ordinals, cofinal in §, and such that
do = 6*(p). We are assuming that the assumptions of (2)** hold.

By induction on n < w we shall construct two sequences {g,: n < w) and
(Pn: 7 < w) such that:

(A) po=pand g =r.

(B) pn € P,N N and ¢, € F,_.

(©) 5*(pn) 2 bn.

(D)

() pn e 1gn,qn, N s lan,unNom,6,7 fon

(E) Pr+1 Zpr Dn-
(F) qn+1 | an = g, and Pn41 Zpr p Qn41 and Pns1 [ n = qp.
The induction goes through without problems. We now take q = Uncw @n-

Cask 2: cf(a) = Ny.  The conclusion follows by the induction hypothesis. B ;
Remark 5.3: Claim 5.1 in particular implies that P is a proper forcing notion.

CLAM 5.4: (1) For all @ < wy we have
(i) 0 Fp, “On hasRg-pic™”

(ii) 0IFp, “2% =x;”.
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1"

(iii) P, % {p e P.: (Vi € Dom(p)) [p(i) is a name from Hcy, (Ord)]} is dense
in P),.
(2) P has Ry — cc.

Proof of the Claim: 'The proof uses Fact 2.6 and is like the corresponding proof
for countable support iterations, [Sh -f VIII, §2], which we quoted as Fact 2.5.
Of course, notice that ccc trivially implies Np-pic*. [

LEMMA 5.5: It is possible to arrange the bookkeeping so that

VP |= “there are no Suslin trees (in fact, all Aronszajn trees are special)”.

Proof of the Lemma: This is standard, by V |= “2%1 = R,” and Fact 2.6.
b5

6. Sweetness revisited

Notation 6.1: Suppose that a < f <w; and p,q € Pp.
(0) Suppose p < g. We write p(a) # g(a) iff (¢ | aIF “g(a) = p(a)”).
(1) p<* qiff p < q and, for all @ even with p(a) # q(a), we have that Lq(“)

is an object t2(®), not just a name.
(2) p<{,; qiff [p <apr g and p <T g].
(3) >* and >£,, are defined in the obvious manner.
def
(4) R = {reR,r >t )

Each R} will be a sweetness model.

CLAIM 6.2: Suppose that o < wy and p <,pr ¢ € P,. Then for some q* € P,
we have p,q <}, q*.

Proof of the Claim: By induction on «. The only eventful case of the induction
is the case when oo = 8 + 1 for some 3 even. As p(0) is simple above p |
and q | B € Ry, we can find 2z € R,;g with z >,,; ¢ and such that z decides
the value of ¢ (B}, By the induction hypothesis we find zt € R} such that

2t >ane 0 | 8,9 | B,2. We define t by letting

¢ def {n: 2t F“ne ’E’p(ﬂ)”},

and let ¢t df 2+ u {(8, (t7Ip(ﬁ)))}- k.2
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Definition 6.3: Suppose that & < wy and p € P,. We define:
(1) For r € R, we let Dom(r) &' {8 € Dom(p) : 7(8) # p(B)}-
Domyj;(r) is the domain of r in Rp. Note that Dom™ p(r) C EVEN.
(2) A sequence Z is called an assignment for p if for some a > sup(Dom(p)),
which we denote by a(z), we have

z={(A), : m <w): v € Dom(p) U{a})

m

and each A}, is a directed subset of R;W while | J AY, is dense in R;M; orifz

has an initial segment with domain (Dom(p)U{«’}) which has the just mentioned

m<w

properties.
We use the notation *AJ, to denote Z(y,m).
The intended meaning of an assignment is an enumeration of equivalence classes of R:h for
v in Dom(Z).
(3) For a € [wp]<No, we define
FA, % (((8j,t;):§ <j%) :j* <w & B; € an EVEN & B, are

increasing & t; is a finite subtree of <*2}.

The intended meaning of FA, is to be a formal Ep-equivalence class.

(4) For y € FApom(p), We let

AY S {r € R}: Dom;(r) = {B: (3)((8,1) € Rang(y))} &
(8,t) € Rang(y) == t"®) =t}

(5) 7 is a formal 0-canonical assignment for p if, for some o > sup(Dom(p)),
which we denote by a(y), we have

§={(9" = (ym:m <w) : v € Dom(p) U {a})

and {y, : m < w} is a list, possibly with repetitions, of FApom(pty), for v €
Dom(p) U {a(g)}; or if § has an initial segment of domain (Dom(p) U {a’}) which
has the just mentioned properties.

A formal O-canonical assignment gives a list of formal Fg-equivalence classes. The main
definition of this section, Definition 6.5, will deal with formal E,-equivalence classes.
(6) An assignment Z is a O-canonical assignment for p if for some formal
0-canonical assignment § for p, we have A}, C Ag:’", for all v € Dom(p)U{a(3)}
and m < w. We let, without loss of generality, a(z) o a(y).



186 M. DZAMONJA AND S. SHELAH Isr. J. Math.

CLAIM 6.4: Suppose that p € P, and } < &. Suppose that § is a formal
0-canonical assignment (assignment, 0-canonical assignment) for p. Then § |
[Dom(p | B)U{x()}] is a formal 0-canonical assignment (assignment, 0-canonical
assignment) for p | (.

Proof of the Claim: Check, looking at (2}, (5) and {6} of Definition 6.3. B4

We abuse the notation, and in the situation like that of Claim 6.4, we use ¥
for § I [Dom(p [ B) U {(9)}].

Definition 6.5: By simultaneous induction on & < ws we define the following
notions {a)-{d) and prove Lemma 6.6:
(a) For a € [&]<M0, sets FE,(a) for n < w. The elements of FE,(a) are called
formal equivalence classes.
These are intended as formal E,-equivalence classes.
(b) For a € [&)<%0, we define
(1) For b < a € [@<N0, a function F} ,: U
F is intended as a restriction to a smaller domain.
(2) Functions Proj;?(a): FEn,(a) = FEy, (a), for n; <np <w.
(c) For a € [a]=N°, we define functions His, and Base, by defining
(i) Hise(T) for T € U, FEn(a).
His stands for history.
(ii) Baseo(T) for T € U,co FEn(a).
(d) For p € P and an assignment & for p we define when Z is a canonical

FE,(a) — ... FE.(b).

n<w n<w

n<w

assignment for p.
(e) (I) For p € Ps and n < w we define type}™ : R} — FE,(a), for a €
[@)SM0. Here Z is a canonical assignment for p.
(II) For p,Z as in (I), we define an equivalence relation EY"™ on R}

LEMMA 6.6: Suppose that p € P., and T is a canonical assignment for p. Then

(1)° By = (B, |J 42D, B2

m<w

is a sweetness model.
(2)ak’ﬁ Suppose that 3 < é&. Then Bz < Bpz.
(3)* For b < a € [8]<M, we have that Fy , is a totally defined function.

We proceed to give the inductive definition and proof.

“& =10." In this case p =0 and a = 0. We let
def

(a) FEn(w) = {(naO,O,@,w,@,@,@,(Z))} fOI‘ n < w.
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(b) (1) Fpp is the identity.
(2) Proj;2(0) : FE,,(0) — FE,, (0) is given by

Proj:‘LL? (@)((ng, 0, Oa ®7 wv 07 V), ®7 w)) d:ef <n17 Oa 07 Q)v wa wv wa wv (Z)>a

for ny <n9 < w.
(c) (i) Hisg((n,0,0,0,0,0,0,0,0)) = {(1,0,0,0,0,0,0,0,0) : ny < n}
for n < w.
(ii) Basep((n,0,0,0,0,0,0,0,0)) = 0.
(d) Any O-canonical assignment for @ is a canonical assignment.
() (1) For n < w we let typeg’"(@) def (n,0,0,0,6,0,0,0,8).
(I1) For n < w, we let @Eg‘"w.
Proof of the Lemma: [6.6, case & = (]. Trivial. B6.6,6—0
“4 =+ 1" We first consider (a), (b) and (c) above. Fix a € [@]<™0.
Case 1: [Bis odd] or [3 is even & § ¢ a].
(a) For n < w, let FE,(a) def FE,(anj).
(b) (1) For b<da € [@)S¥2 and n < w, we let Fjq def bB.anG”
(2) For ny < ny < w, let Proj™?(a) & Proj?2(a N §).
(¢) (i) His, © His .
(i)
CASE 2 (main case): 8 is even and § € a.
(a) For n < w,

def
Base, = Baseam[,.

FEn(a) & FE,(a N B) U {(n, 1,5, T, t,w,u, k&) : (x) holds },

where for (x) to hold it means that the following six items are satisfied:
1. Te FEk(aﬂB) for some k > n (the equivalence class of the initial segment),
2. (Frn) (t is a subtree of <“2 of height 7h),
3. w C {0,...,n—1} (the places where there is an extension in the corresponding
equivalence class),
4. u C {(n,m): n € <"2andm € w} (for m € w, the witness that the
m-th equivalence class in the enumeration produces to show that Ir(ﬁ) is nowhere

dense),

5. k = ((km, L,n): m € w) is such that

(¥m € w) [km < w & T € FEi, (aN B)]
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(the sequence of k’s for the equivalence classes of the projections),
6. £ is an increasing finite sequence with Rang(é) CaNEVEN

(the coordinates where the equivalence class lives).

We let, for T € Un<w FEn(a),
def( [T] o[T1 Y] p[T] 4[¥] (¥ ]’u['f],]‘c[fl’glfl).

(b) (1) We define F} , by cases:
SUBCASE 1: a=10b. Fp, is the identity.

Suscase 2: b#aand T € U, FEn(aNf). Fpa(T) =F,, 5(1)

SUBCASE 3: None of the Subcases 1 and 2 hold. F 4(T) = F, (Tm).

b,a~{8}
(2) For ny < ny <w we let (Projr2(a)) (T2) = Ty iff
SUBCASE 1: Ty € FE,,(aNfj) and T; = (PrOan(aﬂﬂ)) (T2).

SUBCASE 2: new T2 ¢ U, ., FEn(an B) but Ty € FE,,(a) and T, satisfies
(a)-(n) below, if possible:

(@) n!T1l = ny, while o™ =1 and g1} = §,

(8) T = (Proji2(an B))(F,np,.(T2));

() ¢T1] = ¢[Ya]

(6) wiTl = T2l npy,

(e) ul™l =T {(n,m): ne <M2&mecwTl},

(¢) kMl = kX2l gl

(n) & z(T1] = z(T2],

SuUBCASE 3: If F}, o(T) has not been defined by any of the two subcases above,
we leave it undefined.

(c) (i) Hise(T) is given by

Hiso(T) = {T} U U Hlsa\{g}(Fa\{ﬁ} (Pro.lnl ())(T))

ny <nltl

U | His, g (Profis (e~ {B)(XT).

mewlT!

(i) Basea(T) = {(8),n1) : T € His,(T) & ny < nlT1}.
We go on to define (d), (e ) for the case @ = + 1.
(d) Let Z be a O-canonical assignment for p € P;.
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SUBCASE 1: ¢ Dom(p). Z is a canonical assignment for p iff Z is a canonical
assignment for p [ 5.

SUBCASE 2: 3 € Dom(p). Z is a canonical assignment for p if Z is a canonical
assignment for p | 3 and (FAZ : m < w) is an enumeration of all E? [,

zIB
equivalence classes for n < w.

(e) For n < w and Z a canonical assignment for p, we define the function
typel™ : R} — FE,(a) by describing type}™(r) for r € R}.

SUBCASE 1: 3 ¢ Domy(r) or 3 ¢ Dom(p). We let type2™(r ) = typepm *(r 1 B).

SUBCASE 2: f € Domy(r). We shall have type}™ (r) = T for some T € FE,(a).
We define T by defining its nine coordinates

(n[T],O[T] 5{T] T[Tl t[ wiT uT] k[T] ET])_
We'll have nlT) % n, olT) & 1, and ﬂm def 8. Furthermore, 1 = 4B
Arriving at the heart of the matter,

wl ¥ <y I A has an extension in z A8 ,
m

while Tl ¥ {(n,m): n € <"2& m € wl¥1& for some g € ZAB we have g IF
“n ¢Z‘T(3)”}, kT = ({(km(r 1 B), type2®™(r | B)): m € wm), where

kn(r 1 ) min {k: (Vg€ (r 1 B)/BE*) (3¢’ €248) (¢ 2 9)} .

The fact that such numbers k,,,(r | 3) are well defined is a part of the induction
hypothesis (see Definition 2.13). Let

k! T1 %f Max({kn(r | B): m < n}U{n}).

We’ll have .
& A T -
T = types® (s 1 ).
Finally, &) is the increasing list of Dom,(r).
To see that the definition is well posed, notice that r | ,H € R+t 5
(II) For ',r" € R}, we let

' E2"r" iff typel™(r') = typel™(r").

Proof of the Lemma: [6.6, case @ = B+ 1]. Without loss of generality, 8 = 3.
We prove (2)#, and (1)® follows. By comparing with Definition 2.14 (which
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is [Sh 176, 7.6]), we can see that B, ; is isomorphic to the canonical sweetness
model on R;r g * UM with respect to B,z Notice that UM is a homogeneous

forcing notion. The conclusion follows from the Composition Lemma 2.17 {which
is [Sh 176, 7.6-7.9]).

(3)% Follows from (2)%58. | P
“& is a limit ordinal.”

(a) For a € [@]<N0, we consider two cases:

CaskE 1: sup{a) = a < 4. FE,(a) is already defined by the induction
hypothesis.

CaSE 2: sup(a) =é&. Welet FE,(a) = uf Uace FEn(aNa).
(b) We again consider two cases.

CASE 1: sup(a) = a < &.

(1) For b < a, we have already defined Fj ,.

(2) Functions Proj;?(a) are defined by the induction hypothesis, for
Ny < ng < w.

CASE 2: sup(a) = é.
(1) Subcase 1. b=a.
We define F, , as the identity.
Subcase 2. b # a.
Suppose that n < wand T € FE,(a). Let a < & be large enough such
that T € FE.(aNa) and b 9 (aNa). We let Fb,a(T) def Fy ana(T)

(2) For n; < ny <w and T € FE,,(a), we define
(Proj2(a))(T) = (Projyz(an a))(T)

if T € FE,,(an a)

() (i) ForTelY E,.(a), we define Hisa('f) = Hlsana('f) for any a < &

n<w
such that T € U,<o FEn(aNa).
(i) For T € U,co FEn(a), we let Basea(T) = Baseana('i') for @ such
that T € U, ., FE.(aNa).

(d) Z is a canonical assignment for p € P} iff for all 8 < & we have that Z is a
canonical assignment for p [ 8.
(e) (I) Suppose that n < w. For r € R} we let

pfa,n(

def
typel™ (r) = typel " (r | @)
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for any a < & such that Dom,(r) C a.
(II) For n < w and 7,7 € R, we let

r ER" " ff (o [a)Egra’"(r" [ @)

for any o < & such that Dom,(r’) U Domg(r") C .
As a part of the inductive definition in the case & a limit ordinal, we prove the
following

Observation 6.7: Objects in items (a)—(e) above are well defined.

Proof of the Observation: We have to check several spots where the definition
in the case of & limit might run into a contradiction. We start by (b) Case 2(1),
Subcase 2. We assume that a; < as < &, while T € FE,.(aNa;) NFE,(aNay),
and b < aNa;. We can prove by induction on a € [ay, 2] that Fb,aﬂal('f) =
Fb,ana(i’). Note the definition in the case that & is a successor ordinal, item
{(b)(1), Subcase 2 of Case 2.

We move on to (b), Case 2(2). Suppose that a; < az < & and Te FE,,(aN
a;) NFE,,(aNaz). We can prove by induction on a € {a;, az] that

(Projn2(aNa1))(T) = (Projp2(ana))(T).

Observe the way the definition is set up in Subcase 1 of Case 2, (b)(2) of the
definition for the case of & being a successor ordinal.

We go to item (c), part (i), which is proved similarly, observing the set up of
the definition in the case of & being a successor ordinal, Case 2, item (c) (i).
Similarly for item (c), part (ii).

We still have to check items (d) and (e), which is done in a similar fashion.

.7

Proof of the Lemma: [6.6, case & a limit]. First suppose cf(4) = Rg. We prove
(2)%P for a given B < &. Without loss of generality, 8 < &. Let (a,: n < w) be
an increasing sequence of ordinals with oy = § and sup,, ., @, = &. Considering
Bpia,,z (0 < w), we finish by the induction hypothesis and Fact 2.18.

If cf(&) > R, the conclusion follows by the induction hypothesis. ks

This ends the inductive definition.

Definition 6.8: Sﬁppose that @ < w; and p <, q € P,.
By induction on a we define (A)* and prove (B)* below:



192 M. DZAMONJA AND S. SHELAH Isr. J. Math.

(A)* Suppose that Z is a canonical assignment for ¢ with a(Z) < a. We define
Z : p by letting

z:p & (7 48.: B € [Dom(z) N (Dom(p)] U {a(2)})),
and for # € Dom(Z: p), for the unique n < w and T € FE,(Dom(p)) such that
A8 = {z € R}, typel™"(2) = T},
we have
I: ef ¢ K Y
PAP ¥ (2 € RY 5 typell27(2) = T}
(B)*

CLAIM 6.9: Suppose that % is a canonical assignment for ¢ with a(Z) < . Then
Z : p is a canonical assignment for p.

Proof of the Claim: Check Definition 6.5. Ko

7. More partial orders

CLAamM 7.1: Suppose that o < wq, while p < p* € P}, and q1,92 € R, are such
that q1,q2 < p*. Then there is p** > p* and ¢* € R, such that ¢1,q> <apr ¢* and
q* S p**’ and p#* e Pa’-

Proof of the Claim: The proof is by induction on a. The eventful case of the
induction is when a = 8 + 1 for some even € Dom(p) such that

~(q1 [ B “qa(B) = p(B)” and gz [ BIF “g2(B) = p(B)").

We can find p’ > p* [ 8 in Pj which forces a value to all

o = X

def tp‘(ﬁ), Uldéf ¢ 41(3)’ ,EZ

def , @2(B)

By the induction hypothesis, possibly extending p/, there is ¢’ € R, such that
a1 1B, 92 [ B<apr ¢ and ¢’ < p’. We know that there is a predense set J in Ry
such that each condition in J forces all of the above values (here is where we use
the notion of “simple above”). Possibly increasing p’ we can assume that there
are ro, 71,72 € Ry forcing a value to Yo, V1, U2 Tespectively, and all below p.
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By the induction hypothesis, possibly extending p’ again, there is ¢ € R,;g which
is above ¢ and rg-r2, and below p’. Let

s QULB, ({02 gk “ne g n®y g 2@y

7@ g a®d)),

and p** &of P U{(B,q*(B))}. We need to check that ¢*(f) is simple above g (so
above p’), which follows as q;(f) is simple above ¢q; [ B for I = 1,2. | 7]

COROLLARY 7.2: If a,p,q1,q; are as in Claim 7.1, then ¢, ¢, are compatible in
P! iff 1, gz are compatible in R,,.

Definition 7.3: Suppose that a < wp and v C Dom(p). We define
def

(1) GRyu ® {g € Ry: Domi(g) Nu} =0,
(2) R}, def {q € R}: Dom}(q) C u}. [ |

We make GR,,, and R;t . into partial orders by letting them inherit the order
from R,.

CLAM 7.4: Suppose that o < w2, while p € P,, u C Dom(p) and r € R}, and
s € GRy . Then the following is a well defined condition in R,: for 8 € Dom(p)
we let

et r(8) if B € Dom,(r),
(rus)(B) 2 J 5(8) if B € Domi(s),
p(B) otherwise.

In addition, T U s >,pe 1, 8.

Proof of the Claim: The proof is by induction on «, and the only interesting
case is when a = -+ 1 for some even 8 € Dom(p). Note that exactly one of the
clauses in the definition of (r U s){f) applies. Let us work with the first one, as
the other cases are similar.

Hence 8 € Domy(r) and (rUs) [ B 1+ “(r U s)(B) = 7(B)”. So we have that
(rus) [ B Zape [ Band r > r | B. By Claim 4.16 (2)*, rUs = [(rUs) | B +7]
is well defined, and the rest of the Claim is easily verified. %,

Notation 7.5: We extend our definition of “r + s” from 4.16 to apply also to r, s
as in Claim 7.4, letting r + s e us.

Definition 7.6: Suppose that Q is a forcing notion and M < (H(x),€,<*) is
countable. We say that an increasing sequence § = (s,: n < w) of conditions in
QN M is a generic enough sequence for (Q, M) iff for every formula ¢ with
parameters in M, there are infinitely many n such that
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(c) either there is no s > s, in @ such that ¢(s) holds, or
(B) p(snt1)-

CLAIM 7.7: Suppose a < wa, while p € P., and v C Dom(p).
(1) Suppose that s € GRp, and € R} are compatible. Then there are
s’ € GRp, and ' € R}, such that s < s andr <71/ + 5.
(Hence r is compatible with every s” > s’ for which s” € GRy,,,.)
(2) Suppose that {u,p,Q,Q",a} C M < (H(x),€,<*) is countable and § =
(sn: m < w) is a generic enough sequence for (GRy,.,, M). Further suppose
y€ MnN(a+1) andr € R}, NM is compatible with all s,. Then there

isT € R

ol ) M such that for all large enough n we have r < 7' + s,,.

Proof of the Claim: (1) The proof is by induction on @. The interesting case is
when a = 8 + 1 for some even § € Dom(p).

By the induction hypothesis, there are ¢’ € R;[ﬁ,uﬂﬁ and t' € GRpa,ung such
that s | <t andr [ < q +1.

We first work in the case that (¢’ +¢') I+ “r(8) > s(8)”. If B ¢ u this means
that r | 8 I+ “r(8) = p(B)”. We define 7’ def ¢’ + p, which is well defined by
Claim 4.16 (2)*. It is easily seen that ' € R},. Similarly we define s’ ey 4,
and check that r’, s’ are as required.

If 8 € u, we define 7’ def q + r {note that ¢’ € R:'m), and s & ¢ + p, and
check that 7/, s’ are as required.

It remains to be seen what happens in the case that it is not true that (¢’ +t') IF
“r(B) > s(B)”. As r and s are compatible, we can by Claim 7.1 find z € R, such
that z > r,s. By Claim 6.2, we can find z* >% 2, hence zt € R} and 2zt > s.
Now we can apply the first part of the proof to z and s, and derive the desired
conclusion.

If s > s and s” € GRpy, then r < 7+ 5" and s” < r+ 5", so r,s" are
compatible.

(2) Without loss of generality, a = . Let

1¥{¢ € GR,,: (I € RY,) (r<r' +5)}).

Hence I € M. Let n be such that when choosing s, we have asked if there
was s’ > s, with s/ € I, and if possible we chose s,,41 to be some such s’. (In
other words, either there is no s’ > s, with s’ € I, or s,41 € I.) As r,s, are
compatible, by (1), we have chosen s,4; so that for some r' € R;,*, « we have
r<r + sn. [ e
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Definition 7.8: Suppose that & < wp and (s,: n < w) and u, M are as above.

Further suppose that r € R:O[ is compatible with all s, and r € M.

[0 4

(1) We define Dom(r/3) def Domj ;,(r) Nu, and for 8 € Dom(r/5)

(r/9)B) E (P, | (n€ <2 (r+5a) [ BIF “q e TTOY).

n<w

*
Sofa

(2) Suppose that n < w; we define Dom(r/s,) <f Dom
8 € Dom(r/s,)

(r} N w and for

(r/52)(8) € (P, | {0 € 2 (r + ) [ B “q € T7O7)).

m<n

(3) Suppose that I is a subset of P,. We let
1/s def {q/8: q € I & q/5 defined}.
Definition 7.9: For a < wy, p € P, and ¢1,¢2 € R; which are compatible, we
define 1 @ g2 in R;} by letting for 8 € Domy(q1) U Domy(gz)
(1 ® QQ)(,B) def (th(ﬁ) U t‘h(ﬁ),qu(ﬁ) Uqu(ﬂ))'
Remark 7.10: 1f p, q1, 2 are as above, then g, @ g, is the lub of g1, ¢ in Ry, (this
can be proved by induction on «).

CLAIM 7.11: Suppose & < wp and § = (s,: n < w), and u, M are as above.

() Ifr € R}, N M is compatible with all s,,, then r/3 € P}, and for all large
enough n we have r/s, € P,.

(2)* Given q,r € Rjora N M compatible with all s, then

(a/5 =2 r/3] ff [(V'n)(qg+sn =1+ s)]
(3)% Suppose that I € M and r € R}, N M is compatible with all s,,, while

r Ik “I countable predense C R,”.

Then
/51 “I/5 countable predense C R, 5".

(4)* Suppose that « = 3 + 1 for some 3 € Dom(r/3). Further suppose that
re R:; ta MM and g € R:O 1p N M are compatible with all s,, whilen < w
and

r | B I+ “q determines r{a) to degree n”.
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Then
(r/3) | BIF “q/5 determines (r/3(a)) to degree n”.

For r,q as above, if t is such that g IF “7 70 N <"2 = ¢” then
q/g . uT(T/E)(B) N <n2 =,

(5)* Suppose that T is a canonical assignment for so. Further suppose that
(Pn: n < w) € M is a <,-increasing sequence in P! with limit p, such that
P <pr s¢ and Dom(p) = u. Then for every n < w,

[types® ™™™ ((r + 1) T @) =
typeZye " ((r/5+mi) [ )],
Proof of the Claim: We prove the claim by induction on «, proving (1)*—(5)%

(V< w)

simultaneously. The only eventful case of the induction is when a = 8+ 1 for
some 3 even.
(1)® By (1), we have that (r/3) | 8 € Pg. Without loss of generality, 8 €

Dom?*

sotal(T) Nu. Given G which is Pg-generic and contains (r/3) [ 8, we

have:
(& T g/ SB) y <ut(¢"P)g — ¢7(8) | as the corresponding statement about

l”(ﬂ) is forced by each {r +s,) [ 5.
(b) Similarly, T, (Gr/ B g perfect.
(c) We show that T (Gr/ $)®) is nowhere dense.

Given 7 € <“2 and n* such that (r+s,.) [ B+ “n € T70)” At some

stage n > n* we have asked if there is s > s, with s € GR,, N M
such that for some ¢ > 7 + s, with ¢ € R}, and v > 7, we have
glF “v ¢ 77 and ¢ < ¢ + s for some ¢ € R},. By Claim
7.7(1), there was some such s which was chosen as s,,11. In particular
9+ $m > 1+ 8y for any m > n+ 1. So for no m can we have

(r+5m,) [ BIF“v e 77" Hence v ¢ 'T(Gr/g)(ﬁ).

(d) We show that r/3 is simple above (r/3) [ S.
Let [ = (I,: n < w) exemplify that r(3) is simple above r | S.
Without loss of generality, I € M. By (3)%+(4)? we have that
(I./5 : n < w) exemplify that r/3 is simple above (r/3) | 5.
(2)* Again without loss of generality we have 8 € Dom(r/5). First we prove the
direction from right to left.
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By the induction hypothesis, (¢/3) [ 8 > (r/5) | 8. By the assumption,
t2(®) > ¢7(®), Suppose that for some n large enough and 5 € <“2, we have

(r+sa) 1B “ne .
As g+ s, > 7+ Sy, we have
(g+sa) [ BIF“ne 7O,

Hence (q/g) rIB ”_PH “T(Q/‘g)(ﬁ) 2 T(r/g)(ﬂ)”.
Suppose that for some n € <R )2 and n large enough we have
(q+s,) [ BIF“peTIB” Asq4 s, >r+ s,, we have n € ¢78),
In the direction from left to right, by the induction hypothesis we have that

("*n)l(g+sn) 1 82 (r+3a) [ Bl

By the assumption, t28) D ¢"(B). Suppose that for some n* large enough, and

n € <“2, we have (¢ +s,-) | B+ “n € T Let m <ef lg(n). Let I =

(In: n < w) € M exemplify that 7(8) is simple above r | 8. Hence, for some
z € I, N M which is compatible with ¢ we have z IF “g € 778)”_ Notice that

such a z is compatible with every s,. Hence z/5 is defined and by (4)°? we have
z/5 1k “n e T ("/3B)  We also have that 2/5 > (¢ [ 8)/5 > (r | B)/5, and

(g1 B)/3I+“n el—r/ﬁ(ﬂ) — el—q/.i(ﬁ)n.

So 2/5 I+ “n € T3P As 2/5 and q + s, are compatible for all large enough

n, it must be that for some n* large enough
(g+sn) 1 BIF “g € 79O

(by the genericity of 5).

Now suppose that for some n € <bt(t™ )9 and n large enough we have (¢+s,) |
BIF“ne I‘J(ﬁ)”. Hence 7 el‘q/é(ﬁ), $0, as q/3 > r/3, it must be that 5 € t"(®),
(3)* Certainly I/5 is countable, and by (2)* we also know that /5 IF “I/5 C
R,/5".

We show that

I/5 is a predense C R, ;.
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Let I = {q | < w}. Suppose that z* € R,/;, and we wish to show that 2*
is compatible with some ¢;/5. Without loss of generality, z* € R;"/g. If /5 is
defined and z* | 8 is compatible with (g;/3) | 3, the only way that 2* and ¢;/3
can turn out to be incompatible is that one of the following happens:

(M)
(i)

(iii)

Neither is t*(®) an end extension of t(4/5)(8) nor the other way around,
or t*® is an end extension of @/ but for some n € <ht*?)g
which is not in t*®)| we have

(210 ® (@/3) | BIF g2/ F Py,

or £9/5®) is an end extension of t*), but for some n € <ht(t"?)2
which is not in t9%) we have

(z18)®(q/35) I BIF“neTa/fOyg=@r

When choosing s,,, for some large enough n we have asked if there is
z € P!, with Dom(z) = Domg |,(r) Nu and such that
z[B>(r/sn) | B
(Vv € Dom(2))(3t,) (Fp, “LZ('V) =1t,").
For all | < n one of the following happens:
(a) z [ B is incompatible with (g;/sn) I 5;
(b) neither is t*®) an end extension of ¢, nor is t#(% an end
extension of t#(#);

$2(8))

(c) t* is an end extension of t#(%) but for some 5 € <M 2

which is not in t*®)| we have

(1 B) @ (qu/sn) 1 1 € T/ g =0,

(d) t%® is an end extension of t*(3), but for some n € <ht(t"?) 9

which is not in %) we have

(2 18)® (@/sn) | BIF “q e T2/=E 0O,

If after some n* the answer to the above question was never positive,
this means that z* could not have been used as a witness, which
means that z* is compatible with some ¢;/3.

Suppose that the answer was positive at some large enough n, and
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(i)
(ii)
(iii)

let this be exemplified by some z. Without loss of generality we have
z € M. We can find m > n such that, with ¢,, in place of ¢; above,
neither of the first two possibilities happen. So suppose the third one
does. Hence for some k < m we have that

21 B+ (gm +sx) | BIF “pe TP YD

for some i € <PHt*?)2\42(8), Bu this is a contradiction with z | 3
being compatible with g, + sg.

(4)* Similar.

(5)* For [ < w let

T = types'™"((r+5) I a) and
’I‘E déf typepl fa’"((T‘/§ +pl) [ a)

Z:p o

We show that for large enough [ we have T} = T}, by comparing the
corresponding 9 coordinates. It is easy to see that for any ! we have
that

plTi = piT = n, oY1) = T = 1, ﬁ[T?] — lg[T;] =4,
Y] — t[T“ — B and

lTil = Ml = Dom{r/3) N« in the increasing enumeration.

We now prove that for large enough [ we have w!¥il = (71}, Assume
m < n.

When choosing s;’s, we have infinitely often asked if there is s’ Zpr S
and g > r such that

s’ € GRyy 4,

(g+¢) 1 Be”AD,

for some I’ > | we have (gq/s') | B € PP AL |

and, if possible, we have chosen some such s’ as ;1.

PossIBILITY 1: For some [ large enough we chose s;41 to satisfy (i)—(iii) above
with s;4; in place of §'.

Hence there is ¢ which witnesses the choice. By (2)*, we have ¢/5 > 7/3, so
m € wlTil A lTi,

POSSIBILITY 2: For no large enough [ could we have chosen s, to satisfy (i)-
(iit) above with s;1; in place of s'.
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Suppose that [ is large enough and m € wl¥i] as exemplified by ¢. Without
loss of generality ¢ € M. Hence ¢ >, (r+s;) | B and g € R:om. We have
(¢/3) | B > (r/5) | B. Let q,i be such that A8, = z/E2'® Without loss of
generality we have z € M. Hence, by the induction hypothesis we have

P AL = (s/5-+m) | B/EL".

TPy

By the induction hypothesis, for large enough | we have q/5 € ¥P! A% . This is a
contradiction. Hence m ¢ wl™i! for all large enough .

We similarly show that m ¢ wlT for all large enough I.

Other parts of the claim are checked similarly. | /P

8. Obtaining & in V?

CLamM 8.1: VP = &.
Proof of the Claim:

Definition 8.2: Suppose that N is a sequence of elementary submodels of
(H(x),€,<}) and a a finite sequence in N(0). We say that an £ € H(x) is
chosen canonically for (N,a), if the choice of = depends only on the isomor-
phism type of (N,a) as a submodel of (H(x), €, <% E), where @ is a finite list
of constant symbols (interpreted in N(0) as a).

MAIN CLAIM 8.3: (1) Given a sequence N = {N,,: n < w) of countable elemen-
tary submodels of (H(x), €, <}) with N, € Npyy for all n, and Q,Q’, 7 € Ny
and p € Ny N P such that

plk 1€ w]™,

let @ = (z,p,Q,Q’) and let § & UpcoNn Nwi).

Then there is

(a) a strictly increasing sequence 8 = B(N,a) = (B,: n < w) with
SUP, <., On = &, which is chosen canonically for (N, @), and

(b) a condition r® = r%,a >p, withr® Ik “{B:n<w}CT”.

(2) Values of 3, def B(N,a)(n) for n < w, and the fact that there is an 7® > p
such that r® I+ “{8,: n < w} C 7" only depend on the isomorphism type of

(N,a) as a submodel of (H(x), €, <}, a).

Proof of the Main Claim: (1) Let N, def Upncw Nn-
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SUBCLAIM 8.4: Suppose that N and @ are as in the statement of the Main Claim
8.3 and N,, as defined above. Let £y < otp(N,, Nwe N ODD) and let h be the

order isomorphism exemplifying this. Let (u;,: n < w) be the <}-first increasing

sequence of finite sets such that u, = h~l(u%) C N, and Un<w un = én-
Let {pn: n < w} be the <}-first enumeration of the first order formulas with
parameters in N, each formula appearing infinitely often, and such that the
parameters of ¢, are contained in N,,.

Then there are sequences
P=Prnz=(pnin<w) and §=qx;z= {1 <w)
chosen canonically for N and a such that:
(1) g0 =po =p.
(1) Pn+1 Zpr Pa-
(iii) DPn Zapr In-

(lV) Priqn € Nn+1-
(v) For alln and o € u,, we have that

Pra1 | alk « f P (z) < f 2z ] (6 (pa) +1) +1/2,

a
z:'“(Pn+1)

for all x € Ega—x(n) .

(vi) For every n
either
() Thereisnoyp' >p pp and ¢ >, ' such that o, (p',q) and (v) above
holds with p’ in place of pny1,
or
(B) (P, 4n) are the <}-first elements of H(x) which exemplify that (a)
does not happen, with pl, in place of p’ and ¢, in place of q.
Proof of the Subclaim: The proof is straightforward. Construct p,,q, by
induction on n, the step at the stage n = 0 being given. At the stage n+1, we are
given p, and we consider ¢,. If option (a) holds, just let p,t+1 = gy & Dn. If
(B) holds, then find (pn41,¢n+1) as described in (3), and note that p,1,qn41 €
Nnyo. B4

SUBCLAIM 8.5: Suppose that N, @ and p = PN,z are as in the Claim 8.4.

Then there is a canonically chosen condition p,, = py ; such that for all n we
have p, <;; p.,, while Dom(p,) = N, Nwq and §*(p,,) = N, Nw;.
Proof of the Subclaim: Use the same argument as the one used in Claim 5.1 to
prove (2)* at the stages a of countable cofinality. Bss
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There is r > p,, such that 7 IF “g € T ” for some § > §. By Observation 4.13
and Claim 6.2 there are s, * such that
(1) Po <pr s0 <3, ™, and
(i) [a € Dom(r*) & ~{r* | a“IF r*(a) = sp(@)”)] = & € Dom(p,,).
(iii) For some 8* > & we have r* I+ “g* € 7.
Now let M be countable < (H(x), €, <}) such that {N,sq,7*,8*} C M.
Let v & {a: ~{r* ] alF “r*(a) = so(a)”)}, hence v is finite C Dom(p,,).
Let 5 = (sn: n < w) be a generic enough sequence for (GR;, pom(p, ), M). Let
Z be a canonical assignment for sg.

Definition of § and ¥®: By induction on n < w we shall define 3,, as well as
natural numbers m,, and conditions r,,.

“n =0.” We let mg = ng and Sy def Npng Nwy.

“n 4+ 1.” Given are m,, and 3,.

Let m/ % my,, 1 be the first large enough integer > m, so that

80,

typel " (r* + smr) =
typely (r* /5 + p) = T,

TP,
We now consider the formula 9" (zo, ;) saying that
(I) Pm/ Spr o Sapr Iy and
(IT) 21 Ik “y € 7 for some v > Npy Nw; and

(IlT) we have typezly, (z1) = L.

Let mp.1 be the first m > m’ such that ¢, = 1,. Hence we have chosen
(Pmni141>Gmnyr+1) 50 that Yn((Pm,, +1>%ma,,+1)) holds, as is exemplified by
(s0,7* + 8y )-

Let v, def Gm, + Du, for n < w. We shall define r® so that r® > r, for all n.
Hence r® IF “{8, : n<w}C 17

The Main Point: Why does such r® exist? All r,, are elements of R} and, by
the definition of T, each has the property that r, EZ:"(r*/5+p,,). By Lemma
2.13, there must be 7 € R, which is a common upper bound to {r, : n < w}.

Let r® 4 7 + Do
Proof of the Main Claim continued: (2) It suffices to observe the following

Observation 8.6: Given N, @ as in Main Claim 8.3, let f and g be as in Subclaim
8.4. Let Z be a canonical assignment for p,,. Suppose that X € [w]¢ is such that
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{qn: m € X} has an upper bound in B,_ ;. Suppose that f: (N,a) — (N',a) is
an isomorphism.
Then

{f(gn) : n € X} has an upper bound in ‘BUn@ FoaU, ., £ Epn)° s 3

Now we can finish proving Claim 8.1 and so Theorem 3.1. Let

2L (H(x),€,<5p,7,0,Q"),

where p, 7, Q, Q' are constant symbols. We arrange ¢ in V in this form:

There is a sequence
(N® = (N?:i<6): < w limit)

such that

1. Nf is a countable elementary submodel of 9, with Ni‘S Nw; < 6,
No Jie Ng,.

2. N? is continuously increasing.

3. For every continuously increasing sequence (N;: i < wj) of countable
elementary submodels of 2, there is a stationary set of § such that the
isomorphism type of (N;: i < 8) is the same as that of (N?: 7 < §).

For § < w; a limit ordinal, we choose the <}-first increasing w-sequence
(€2: n < w) of ordinals such that sup, ., €, = & and € = 0. We define sets
As for such § as follows. Let N® " {J, _; N¢.

If N°nw =6, pM e P'n N{§ and e I+ “r NS e [w1]¥1”, then

A; & Rang(B((Njy: n<w))).

Otherwise, we let As be the range of any cofinal w-sequence in é.

We claim that (As: J limit < w1) is a d-sequence in VF.

So suppose that p* I “7* € [w1]¥1” and p € P’. We fix a continuously
increasing sequence N = (N;: i < w;) of countable elementary submodels of 2
such that Q@ = QMo,pMo =p*, 7No = 7,Q' = [Q'|"° and N | i € Ny, for all
i < wi. Then

C % {6 < wy: 6 limit and Nj Nw; = 6}

is a club of w;. Hence there is § < w; such that (N;: i < 6) and (N?: i < &) have
the same isomorphism type. So As is defined by the first clause in its definition.
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Hence, by Main Claim 8.3(2), we have A5 = Rang(B((N.: n < w))), while
#(N | é) has an upper bound, say r®. Now r® > p and r® IF “45 C 7.
Bg1 &

Remark 8.7: Note that the club sequence (As : 6 < w;) we obtained for the
final model is in fact a sequence in V.

[BMR]

[DjSh 574]
[FShS 544]
[Je]

[Ko]
[KuVa)

[Mi]

(Ost]
[RoSh 672]
[Sh -f]

[Sh 98]

[Sh 176)

(Tx]
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